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Introduction 



In this work I will construct certain general bundles {DJl, p, X) and (?B, r], X) of Haus- 
dorff locally convex spaces associated to a given Banach bundle {(B,n,X). Then I 
will present conditions ensuring the existence of bounded selections U E T^°° (p) and 
V E T^'^{ri) both continuous at a point E X, such that V({x) is a Cq— semigroup of 
contractions on (E^ and V{x) is a spectral projector of the infinitesimal generator of the 
semigroup V((x), for every x E X. In a subsequent paper I shall produce examples of 
the general results presented here. 

Here 211 = (971, p, X) and (!B, rj, X) are special kind of bundles of Hausdorff locally 
convex spaces (bundle of fi— spaces) while 2J = (€, tt, X) is a suitable Banach bundle 
such that the common base space X is a metrizable space. Moreover for ?M x E X 
the stalk DJt^; == p (x) is a topological subspace of the space Cc (M^, Cs^{(Bx)) with 
the topology of compact convergence, of all continuous maps defined on and with 
values in £5^ (€3;), and the stalk = r] (x) is a topological subspace of Csa^i^x)- 
Here €x = tt{x), while Cs^i^x), is the space, of all linear bounded maps on (Bx with 
the topology of uniform convergence over the subsets of C Bounded{€x) which 
depends, for all x E X, on the same subspace E C r(7r). Finally p : QJl — > X, 
77 : *B — > X, and tt : € —> X are the projection maps of the respecive bundles and 
r^°° (p) is the class of all bounded selections, i.e. maps belongings to the set Ylxex ^x 
continuous at x^o with respect to the topology on the bundle space QJl, similarly for 

r^-(77). 

A fundamental remark is that the continuity at x^ otU and V derives by a sort 
of continuity at the same point of the selection T of the graphs of the infinitesimal 
generators of the semigroups U, where this sort of continuity has to be understood in 
the following sense. For every x e X let T{x) be the graph of the infinitesimal generator 
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(0.0.2) 



Tx of the semigroup U{x), then 

(0.0.1) ^$cr"-(7rEe) 

(Vx G X)(V0 G $)(0(s) G r(a;)), 

where r^=° (vTEe) is the class of all bounded selections of the direct sum of bundles 2J©QJ 
which are continuous at Xoo- 

Hence for any v G Dom{Tx^) there exits a bounded selection of 2J © 2J such that 

iv,T^^v) = lim^._^.^(0i(a;),02(a;)) 
(01 (x), 02 (a;)) G Graph{T^),\/x G X - {xoo}, 

where the limit is with respect to the topology on the bundle space 

(6, £^) —structure. 
Relation between the topologies on 971 and *B and that on (S. 

The main general strategy for obtaining the continuity at x^o of U and V, it is 
to correlate the topologies on the bundles spaces involved, among others those on 
971 and 93, with that on the space (£. Due to this fact it is clear that in this work the 
construction of the right structures has a prominent role. 

It is a well-known fact the relative freedom of choice of the topology on the bundle 
space of any bundle of spaces. More exactly the possibility of choosing a linear 
subspace, which is the entire space if X is compact, of the space of all (global) sections 
of the bundle, i.e. the space of all everywhere defined bounded continuous selections, 
see HGiei Theorem 5.9]. This freedom of choice allows the construction of examples of 
some of the cited correlations of topologies. 

Without entering in the definition of the topology of a bundle of fi— space, we can 
appreciate how much important it is to choose the "right" set of all sections (in symbols 
r(C)) of a general bundle (£3, X) of space, by the following simple but fundamen- 
tal result. Corollary 11.2.101 Let / G Hxex ^"^y bounded selection and Xoo ^ X 
such that there exists a section a G V{C) such that cr(xoo) = f{xoo)- Then by setting 



^ Later we shall see that the topology on the bundle space of 2J © 93 will be constructed in order to ensure 
that the limit in ( 10.0.2b is equivalent to say that v = linix^x^ (f'lix) ^nd T^^v = Mnix^xrx, 4'2{x), both 
limits with respect to the topology on the bundle space €. 



4 



/ G r^'°° (C) iff / is bounded and continuous at x^o we have 

(0.0.3) / e r--(C) ^ (Vj G J)( lim u^ifiz) - aiz)) = 0), 

where J is a set such that {z/| | j G J} is a fundamental set of seminorms of the locally 

-1 

convex space = C i^) for ^ X- About the problem of establishing if there are 
sections intersecting / in x^o, we can use an important result of the theory of Banach 
bundles, stating that any Banach bundle over a locally compact base space is "full", i.e. 
for any point of the bundle space there exists a section passing on it. For more general 
bundle of space we can use the freedom before mentioned. 

The criterium I used for determining the correlations between 971 (resp.^) and € 
is that of extending to a general bundle two properties of the topology of the space 
C,{Y,Cs{Z)). 

Here Z is a normed space, S is a class of bounded subsets of Z, Cs{Z) is the space of 
all linear continuous maps on Z with the pointwise topology, finally Cc (Y, Cs{Z)) is the 
space of all continuous maps on Y with values in Cs{Z) with the topology of uniform 
convergence over the compact subsets of Y . 

In order to simplify the notations we here shall consider Z as a Banach space thus 
Cs{Z) = Bs(Z), i.e. the space of all bounded linear operators on Z with the strong 
operator topology. 

Let X be a compact space, Y a topological space 

M ={F G a (X, Ce (F, BsiZ))) I (VA^ G Comp{Y)) 
{C{F,K)= sup \\Fix)is)\\Biz) < oo)} 

{x,s)€XxK 

= {F{x) \ F eM} 

Let denote by 5J = (£, 7r,X) the trivial bundle with constant stalk Z so r(7r) ~ 
Cb{X, Z),sot 

( A = {/ij,,) I K G Comp{Y),v G r(7r)}, 
(0.0.4) I ^f^^^^ : 9 G ^ sup,,;, \\G{s)v{x)\\, 

Then by using Lemma [2.2.7l and the cited flGiel Theorem 5.9] we can construct a bundle 
of space say 5J(M, Ai) whose stalk at x is the locally convex space (Ma,, Ax) and 
whose space of bounded continuous sections r(7rM) is such that r(7rM) — ■M- 
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Let / G n.e X Mx- be such that (ViT G Comp{Y)){snp^,^,)^xxK \\f{x){s)\\B{z) < oo) 
then (see Thm. fUM (1) ^ (2) ^ (3) with 

(1) {\/K G Comp{Y)){\/v G r(7r)) 

( Urn sup \\f{x){s)v{x) - f{xco)is)v{x)\\ = 0); 

(2) /Gr-'-(7rM); 

(3) f : X ^ Cc (Y, Bs{Z)) continuous at Xoo- 
Moreover (see Thm. 12.2.81) if Y is locally compact for all t G F 

(0.0.5) r(7rM)t«r(7r) cr(7r). 

Therefore we constructed two bundles 5J = (£, 7r,X) and 2J(M, A^) whose topolo- 
gies are (/) stalkwise related by {Ax}xex in (|0.0.4I) and for which hold (1) <S=^ 
(2) and {II) globally related by (|0.0.5I) . Finally r^'°°(7rM) coincide with the sub- 
set of all maps f : X ^ Cc(Y, Bs{Z)) continuous at x^o such that (WK G 
Comp{Y)){snp(^,^^g'^(^xxK \\fi^)i-^)\\B{z) < oo). The natural generalization of the men- 
tioned property (/) leads to the concept of (6, £) —structure, see Definition 12 . 2 . 21 and 
Lemma [2.2.5[ while the generalization of the property (//) leads to that of compatible 
—structure, see Definition 12.2.21 
A similar and more important global correlation between 271 and <£, this time for the 
case in which the topology on each stalk QJl^ is that of the pointwise convergence instead 
of the compact convergence, is that encoded in (14.3.121) in the definition of "invariant" 
(9, £, /i) —structures, see Definition 14.3.71 for a similar definition see Definition 12.2.21 



This conclude the discussion about the re 
in particular between those on ^ and € 



ationship between the topologies on Tl and (S, 



Kurtz's General Approximation Theorem 

Briefly I shall recall what here has to be understood as a classical stability problem 
in order to better explain how to generalize it through the language of bundles. The 
classical stability problem could be so described: fixed a Banach space Z find a sequence 
{Sn ■ Dn C Z ^ Z} of possibly unbounded linear operators in Z and a sequence 
{Pn} C B(Z) where P„ is a continuous spectral projector of Sn for n E N, such that if 

(A): there exists an operator S : D C Z ^ Z such that S = lim„^oo Sn with 
respect to a suitable topology or in any other generalized sense. 



^ Indeed it is sufficient to take Y = {pt} i.e. one point. 
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{B): such that there exists a spectral projector P E B{Z) of S such that P = 
lim„_>oo Pn with respect to the strong operator topology. 
Here a spectral projector of an operator S* in a Banach space is a continuous projector 
associated to a closed S— invariant subspace Zq such that a{S \ Zq) C cr{S), where 
cr(T) is the spectrum of the operator T. 

In Ch IV UKatB there are many stability theorems in which the previous limit of op- 
erators Sn has to be understood with respect to the metric induced by the "gap" between 
the corresponding closed graphs. 

Moreover there are stability theorems even for operators defined in different spaces, 
obtained by using the concept of Transition Operators introduced by Victor Burenkov, 
see for expample HBLll . IIBL2II and HBLLL or the results obtained by Massimo Lanza 
de Cristoforis and Pier Domenico Lamberti by using functional analytic approaches, see 
for examples [Ol, [O, IlLD . 

If one try to generalize the classical stability problem to the case in which Z is re- 
placed by any sequence {Zn} of Banach spaces and Sn is defined in Z„ for all n, then 
he would face the following difficulty: how to adapt the definition of the gap given by 
Kato to the case of a sequence of different spaces, more in general in which sense to 
understand the convergence of operators defined in different spaces. 

A first step toward the generalization to the case of different spaces of the classical 
stability problem is the following result Thomas G. Kurtz, UKurL 

Theorem 0.0.1 (2.1. of UKurl ). For each n, let Unit) be a strongly continuous 
contraction semigroup defined on Ln with the infinitesimal operator An- Let A = 
ex — lim„_^oo ^n- Then there exists a strongly continuous semigroup U (t) on L such 
that lim„_^oo Un{t)Qnf = U(t)f for all f E L and t G if and only if the domain 
D{A) is dense and the range R{\o — A) o/Aq — A is dense in Lfor some \q > 0. If the 
above conditions hold A is the infinitesimal generator ofU and we have 

(0.0.6) lim sup \\Unis)Qnf - QnUis)f\\n = 0, 

ra-^oo o<s<t 

for every f E L and t G M^. 

Here (L, || ■ ||) is a Banach space, || ■ ||„)}„eN is a sequence of Banach spaces, 

{Qn e B{L, Ln)}neN such that lim„_,oo \\Qnf\\n = 11/11 for all / G L. Let / G L and 
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{/n}neN such that /„ G Ln for every n G N, thus he set§ 
(0.0.7) / = hm /„ ^ lim - QJ\\„, = 0. 

n— >oo ?i— >oo 

Moreover if An : DomiyAn) C L„ ^ L„ he defined 

{Graph{ex - /2m„_oo^„) = {lim^gN ■Sol'^) I Sq G $0} 
% = {{fn,AJn)nmeiZxZf\ 
i\/n G N)(/„ G /^om(A„)) A (3 Um(/„, A„/„))}, 

where (/, fif) = Um„6N(/„, iff / = Um„eN /« and = Um„gN ^n/n and all these 

limits are those defined in (10.0.71 ). Whenever Graph{ex — /im„^oo^n) is a graph in L 
he denoted by ex — limn^co^n the corresponding operator in L. 

The Kurtz's approach, just now described, did not make use of the bundle theory, and, 
except when imposing stronger assumptions, it cannot be implemented in a bundle of 
fi— spaces' approach. 

The following consideration results fundamental for understanding the strategy be- 
hind this work. There is a strong resemblance of (10.0.31) with (10.0.71) . More importantly 
if the topology on 971 and that on (£ are related by a (6, —structure (for a simple 
example see (|0.0.9I) ) then there exists a "resemblance" of the selection convergence 
(10.0.31) with the convergence (10.0.61) of the sequence of semigroups {Un}nem to the 
semigroup U. 



^ Notice the strong similai-ity of (10.0.7b with ( 10.0.31 ). 

^ Indeed if we set assume that there exists for every n e N 5,i G B{Ln, L) such that SnQn = Id then 
( 10.0.61 ) would become 

(0.0.8) (Vt eM+)(V/ eL)( lim sup ||(i7„(s) - Q„C/(s)5„)Q„/||„ = 0). 

rwoo o<s<t 

Moreover let (QJt, p, X) and ((£, tt, X) be set as in the beginning and assume that {v^j^ \ {K, v) E 
Comp{Y), V E £} is a fundamental set of seminorms on Tlz for every z E X, where £ C r(7r). Finally 
assume that for all K G Comp{Y), v E £ and for all z E X and G Tlz 

(0.0.9) i/(\.„)(r) = sup||r(s)T;(z)|U. 

seK 

Thus ( 10.0.31 ) would read: if there exists a E ^{p) such that <j{xca) — F{xoo) then 

(0.0.10) F E r"=~(p) ^ (VA' E Comp{Y)){yv E £){ lim sup ||(F(z) - (7{z))v{z)\\, = 0). 

Therefore by setting X the Alexandroff compactification of N, x^o — 00 and for all n e N 

(QQ^j. .Ttn=CeiR+,Bs{U)) 

^ OToo =Cc(M+,B,(L)) 
.£ = {Qf\f^L}, 
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I used the word resemble due to the difficulty to build a couple of reasonable Kurtz' 
bundles, i.e. two bundles of ^7— spaces ((£, 7r,X) and (£DT, p, X) such that X is the 
Alexandroff compactification of N and (10. 0.111) . (10.0.121) hold. In any case it is possible 
under strong assumptions, see Setion lSH 

Although the difficulty of constructing a couple of Kurtz's bundles, the recognition 
of the before mentioned two resemblances, were sufficient to push me in investigating the 
possibility of extending the Kurtz's Theorem \0. 0. 1 1 in the general framework of bundles 
of Q— spaces, by using (6, S) —structure. 

Direct sum of Bundles of spaces and (Pre)Graph Sections 

It should now be clear that in the way of extending the Kurtz's Theorem I am replacing 
the sequence of Banach spaces {Ln}neNu{oo} and {Cc (IR+, i?s(-^n)) }neNu{oo}, where 
Loo 4= L, with a Banach bundle € and the bundle of spaces Tl respectively, while the 
Kurtz' convergences (10.0.61) and (10.0.71) with convergences of selections on the bundles 
spaces SOT and (£ respectively. In this view definition (|Grl) has to be replaced by that of 
Pre-Graph sections, see Definition 12.3.21 (essentially (10.0. II) ). while the case in which 
Graph{ex — /im„^oo^n) is a graph in L with that of Graph sections, see Definition 
12.3.11 Hence it arises as a natural question which topology has to be selected for the 
bundle space of 23 © 5J. 

An essential tool used in the definition of Graph{ex — limn-^oo^n) in (|Grl) is that of 
convergence of a sequence {fn,Anfn) in the direct sum of the spaces L„ © given by 
construction as the convergence of both the sequences in L„ in the meaning of (10.0.71) . 

It is exactly this factorization property the property which I want to preserve when 
selecting the "right" topology on the bundle space of 23 © 23. 

It is a well-known result the solution of this problem in the special case of Banach 
bundles. I generalize this result for a finite direct sum of bundles of fi— spaces, by 
constructing in Theorem 11.2.221 a family of seminorms on the direct sum of Hausdorff 

if there exist conditions under which we can obtain that 



where {Qf){n) = g„/, (Q/)(oo) = /, while {QVS){n) # Qn VSn, {QVS ){oo) = V, for all n G N 
and U(L), is the class of all Cq— semigroup on L, then by ( 10.0. 101 ) and ( 10.0.81 ) follows that 



(0.0.12) 




U e r-(p), 



where Z//(n) = C/„ andZ//(oo) = U. 



9 



locally convex spaces which is fundamental for any of the following equivalent topolo- 
gies: the direct sum top. the /c-direct sum top., the box top. and most importantly the 
product topology. 

The result that the fundamental set is direct along with Lemma fl .2.25l allow to define 
the direct sum of bundles of ^2— spaces as given in Definition |1.2.23[ 

Finally the fundamental result that the topology on each stalk is the product topology, 
(fact encripted in (11.2.81) ') the choice given in (11.2.91) of the subset of section of the direct 
sum of bundles and the general convergence criterium in (|0.0.3I) . allow to show the 
claimed factorization property in Corollary 11.2.271 I.e. any selection of the direct sum 
©r=i ^* of bundles is continuous at a point if and only if is continuous at the same point 
its projection selection of (Bi for every i = 1, n. 

Semigroup Approximation Theorem. 

Roughly speaking (T, Xoo,^) G Aq (5J, 22J, £, X, M+) iff T (x) is the graph of the 
infinitesimal generator of a Cq— semigroup V({x) on iBx, for all a; G X, holds (|0.0.1I) 
and 

U e r^°°(p). 

Thus, according the discussed way of extending the Kurtz' theorem which I intend to 
perform in this work, to find an element in the class Ae (5J, 211, £, X, R"*") means to find 
an extension of Theorem 10.0. 1[ In the first main result of this work. Theorem 13.1.161 
has been constructed an element of the class Ae 211, £, X, M+). 

Laplace Duality Properties 

There are essentially two strong hypothesis to be satisfied in Theorem 13.1.161 In 
constructing a model for hypothesis [ii] one obtains Corollary I3.2.1[ In any case 
the most important one is hypothesis [i], i.e. the assumption that the (0, £) —structure 
(QJ, 2n, X, M"*") has the Laplace duality property, see Definition l3.1.9[ 

Roughly speaking the full Laplace duality property means that the natural action of 
Ylxex ^i^x) over Ylxex induces, by restriction, an action over r(7r) of the Laplace 
trasform of T{p). More exactly 

|(VA > 0) {mp))m) • r(vr) C r(vr)) 

I £(F)(x)(A) = J,^ e-'^F{x)is) ds = F{x){s) 
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See Def. flTTi Dei. [3X81 and Def. [3T9l The implicit assumption is that for all 

x e X and A > 

971, C £i(M+,/:5^(£,),^a), 
where fix is the Laplace measure associated to A and £i(M+, Csa:{'^x), f'x) is the space of 
all |Ua— integrable maps with values in the locally convex space £5^ ((S,)- Among others 
informations in Prop. 13.3.21 (an application of a result in LSilJ ) there are reasonable 
conditions ensuring the previous inclusion. 

I investigated in Section [33] a strategy for constructing classes having the full Laplace 
duality property. Although I worked in this section in a wide generality, here I shall 
present the applications of the results in the case of interest for the present introduction. 

Firstly we note that by construction 

r(7r) c n ^x, 

xex 

hence the most natural (duality) action to consider over r(7r) is the restriction on it of 
the "standard" § action of 

\xex 

Secondly we recall that the Laplace duality property is described in terms of the action 
restricted over r(7r) of a subspace of Ylxex ^lO^"^^ ^s^i'^x)', /^a)- 

Therefore the idea is to construct a suitable locally convex space and a linear map 
\1> such that 



(0.0.13) 



^ ^ {Ylxex as linear spaces 

vl> : il,{R+,(5,fix) Uxex^ii^^^^sA^x);f-ix), 



and most importantly such that the following relation between the two actions holds for 
allF G 2.i{R+, <3, fix), X G X, A > and i; G r(7r) 

(0.0.14) (^j ^(F){x){s)dfix{s),v{x)'j = l^j F{s)dfix{s),v'j (x), 

see Corollary 13.3.291 Here iii(M+, (5, fix) is the space of all //a— integrable maps on 
M+ and at values in the locally convex space 0, while for any linear space E we denote 
by (-, ■) : End{E) x E E the standard duality. 



Standard in the following sense {B, v) 1-^ B(v). 
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It is exactly by (10.0.141) that we can rewrite (ILDI) as a duality problem. More 
exactly if 3 c nA>o f^x) such that ^(J^) = r(p) then 

(0.0.15) LD ^ (VA > 0){{Ax, T{tt)) C r(7r)), 

where for all A > 

(0.0.16) [ ^(^) ^'"^(^) I ^ e ^1 C £ ( n 

There are two advantage of decoding the problem of finding the full Laplace duality 
property into the invariance problem (10.0.151) . Firstly (|0.0.15l) is a classical problem 
of invariance of a subspace of a linear topological space for the standard action of a 
subspace of the space of all linear continuous operators on it. Secondly in (|0.0.151) 
has involved through the definition of Ax the space Ili(M+, iS,fix), while in (ILDI) has 
involved the much more complicate space Ylxex C\x>o (^^' '^s^i^x) A^a) indeedT{p) 
belongs to it. 

The crucial idea behind Definition 13 . 3 . 1 21 of the space (25 is the use of the concept of 
locally convex final topology. Indeed the well-known property of this topology allows 
in Lemma 13.3.25 1 to ensure that for all v E T(n) the evaluation map 

(0.0.17) (S 3 A h-^ At; G J]^ is continuous. 

xex 

And (10.0.141) is essentially a consequence of (10.0.171) . Although we are mainly interested 
to the equality (|0.0.14l) . there is an important result strictly determined by the locally 
convex final topology on 0. Namely Theorem 13.3.231 ensures that holds the second 
statement in (10.0.131) and that for all F e (S, fix) 



Pr(^(F))(s) dfixis) = Pro 



The class A (2J,D,e,f). 
Projection Approximation Theorem. 

In this section we shall discuss the main result of this work namely Theorem 14.3.211 

ensuring the existence of an element (T, $, x^o) of the class A S), 9, 8) such that 
is the infinitesimal generator of a Cq— semigroup of contractions on (E^ and such that 
there exists a selection 

(0.0.18) \v e r^-(r7), 
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satisfying (10.0.191 ) and such that V{x) is a spectral projector of for all x e X, where 
is the operator whose graph is T{x). 

We shall start with the definition of the class A (QJ, D, 6, given in Definition 
12.3.41 Roughly speaking given a (6, £) —structure (QJ, D, X, {pt}) and denoted 2) = 
(03, 7], X), we say that (T, $, x^) e A (QJ, D, 9, £:) iff for all x e X the set T (x) is 
a graph in S^^^, (10.0. II) holds and there exists a selection V E T^°°{ri) continuous at Xoo 
such that V{x) is a projector on (B^ and for all x G X 



where T^. is the operator in (B^ whose graph is T{x). 

In others words (T, $, x^o) G A (53, 2), 9, £) iff T is a selection of graphs in (£ 
continuous at Xoo in the meaning of (10.0.21) and such that there exists a selection V 
of projectors on € continuous at Xoo such that V commutes with T in the meaning of 



is satisfied by any spectral projector of the opearor T^, indeed by definition for them 
we have T^Px^x ^ Px'Bx- Viceversa whenever Tx is the infinitesimal generator of a 
Cq— semigroup >Vr(x) of contractions on (S^., the most important case in this work, it 
results that (10.0.191) is the property satisfied by all the spectral projectors of the form 



where Tj.; Q is the resolvent map of the operator —Tx and F is a suitable closed 
curve on the complex plane. Hence we can consider the commutation in (10.0.191 ) as 
the defining property of what we here consider as the "interesting" bundle V of spectral 
projectors associated to T. 

Proof of Theorem 14.3.211 Invariant (Q,£, fi) — structures. Let us describe the 
principle steps and new structures required on proving Theorem 14.3.2 II The first prop- 
erty involved in showing (10.0.181) is that of an invariant (9, £) —structure, see Definition 
12.2.21 The characteristich property of an invariant (9, £) — structure (23, 22J, X, Y) is 
the following one 



(0.0.19) 



V{x)Tx C TxV{x), 



(100191) . 



Notice that (10.0.191) implies for all x G X that the following 



TxV{x)Dom{Tx) C P(a;)(S, 




(0.0.20) 
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where 20 = ((971, 7) , p, X, ^K) and Ft{x) = F{x){t). 

The first reason of intoducing the concept of invariant structure is that the global 
relation (10.0.201) implies the following corresponding local one for any Xoo e X, see 
Lemma 14313] 

(0.0.21) < F G JJ 071^ I F • r^°°(7r) C r^°°(7r) I C r^-(p). 

I zex ) 

Hence if we show that 

(0.0.22) V • r^°= (tt) C r^°= (vr) 

the (10.0.181 ) follows by (10.0.211 ) for the special case Y = {pt}. 

The presence of the uniform convergence over compact subsets of Y may dras- 
tically restrict the class of invariant {&,£) — structures. In order to deal with this 
problem we introduced the concept of (6, £, /i) — structure (5J, £3, X, M"*"), with 13 = 
((^! 7) ) 'C) 5^)' Definition 14.3.71 It is essentially the same definition, given for 
(9, — structures but with the following differences 



(0.0.23) 



Sjx with the pointwise topology. 



Thus on each stalk the topology is that of pointwise convergence on Y instead of that 
of compact convergence. 

Thus we have an invariant (6, /i) — structures iff: 

(0.0.24) J F G n e Y){Ft . S{e) C r(7r)) I = 1(0, 

I zex J 

The second reason to be interested to the the invariant (Q,£, fx) — structure, resides in 
the fact that it is a necessary assumption in order to have the following implication, see 
Corollary 11337] and Remark I43J8] 

(0.0.25) Wr G r^'°° (0 ^ P • r^°= (tt) C r^'°° (tt) . 

But as we know the first main result Theorem 13.1.161 states that G T^°^ (p) for a 
{Q,£) — structure which we know to be not a (Q,£, jj) — structure. 

Hence we need a way of connecting the two types of structures. This is per- 
formed by the definition of the (6, £, /i) —structure (03, 2J(M'^, T{p)),X, Y) underlying 
(53, 2U, X, Y), see Def . 14391 
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In view of the property which we are looking for, namely (I0.0.26I) . we have to main- 
tain the vicinity of the original and the underlying structure. This is performed by using 
iGiei Theorem 5.9] for constructing bundles with a given subspace of continuous sec- 
tions. In this way the space T{p) of continuous sections of 211 will be a subspace of the 
space T(nM^') of all continuous sections of the underlying bundle 23(M'', r(p)), (the 
equality if X is compact). 

Thus we have, see Proposition |4.3.19[ 

(0.0.26) r"-(p) C r"°°(7rMM). 

Finally by Theorem 13.1.161 we know that Wt G r^°° (p) therefore (10.0.221) . and 
(10.0.181) . follows by (|0.0.25l) and (10.0.261) . In addition to invariant {Q,S,fi) - struc- 
tures, for obtaining (10.0.251) we need another concept, namely that of a related couple 
(5J, 3), Definition 14.3.51 and a bundle type generalization of the Lebesgue Theorem, see 
Theorem |4.3.6[ 
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Summary of the main results ans structures 

The main results of this work are the following ones 

(1) An explicit construction of a direct fundamental set of seminorms of the topo- 
logical direct sum of a finite family of Hausdorff locally convex spaces, (Theo- 
rem [O^l); 

(2) Characterization of selections of 211 continuous at a point when (2J, W, X, Y) 
is a (6, £) —structure, (Lemma [2 .2 .51) : 

(3) Construction of a (6, —structure (5J, 211, X, F) and characterization of a 
subclass of r^°° (p) when QJ is trivial, (Theorem |2.2.8l ) 

(4) Construction of an element in the class Ae (53, 2IJ, X, R"*"), (Theorem 

|3Xl6l Corollary [lO; 

(5) Conditions in order to satisfy the bounded equicontinuity of which in hypothe- 
sis (ii) of Theorem 13 . 1 . 1 61 (Corollary 13.2.11) : 

(6) Conditions in order to have (13.1.141) (Proposition 13 .3 .21) : 

(7) The technical Lemma [3.3.25l and Theorem 13.3.231 

(8) Theorem 13.3.271 and Corollaries 13.3.291 and 13.3.301 

(9) /C— Uniform Convergence Theorem I3.3.35[ 

(10) Consequence of being an {iy,r], E, Z,T) invariant set V with respect to JF 
(Proposition |4.1.4D : 

(11) Construction of a class Ae (2J, D, 221, X, IR+) by using an 
{u, T], 0, ii'(r), ]R+) invariant set V with respect to {Ft} (Corollary |42^; 

(12) A bundle version of the Lebesgue theorem for a p— related couple (23,3) 
(Theroem|43]6l); 

(13) Technical Lemmas gXHl and gXEl 

(14) Corollary gXH 

(15) Construction of a selection of spectral projectors continuous at a point given 
a selection of semigroups continuous at the same point (Corollary 14.3.171 and 
Remark I43JJ); 
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(16) The Main result of this work is the construction of an element in the class 
A (23, S), e, £) (Theorem |43:2I1) . 
The main structures defined in this works are the following ones 

(1) Direct sum of bundles of spaces (Definition 11.2.231) : 

(2) (Invariant) (6, £) -structure (5J, 2n, X, Y), (Definition |22J); 

(3) Graph section (T, Xoo, (Definition 12.3. II) : 

(4) Class A (03, S), 6, 8), (Definition 123:41) : 

(5) Class Ae (53, 2n, 8, X, R+), (Definition llAll) : 

(6) Class Ae (23, D, 20, 8, X, M+); 

(7) (03, 2n, X, M+) with the Laplace duality property, (Definition [3T9l); 

(8) U-Spaces (Definition |3321); 

(9) The locally convex space (Definition l3.3.12l) : 

(10) {u,r],E,Z,T) invariant set V with respect to (Definition |4U3]); 

(11) /i -related couple (23,3) (Definition |433]); 

(12) (Invariant) (6, 8, /x) - structure (23, £}, X, Y) (Definition |43jl): 

(13) (e,^)- structure (23, 23(M, 1(0), X, F) underlying a {Q,8,fi)- structure 
(23, 0, X, F) (Definition 1133). 
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CHAPTER 1 



Direct Sum 



1.1. Notations 



Let Ehe a topological vector space, {C{E), r) the linear space of all continuous linear 
maps on E with the topology r compatible with the linear structure. Thus \J{{C{E), r)) 
is the class of all continuous semigroup morphisms defined on IR+ and with values in 
Cr{E), moreover if || ■ || is any seminorm on C{E) (not necessarly continuous with 
respect to r) we set \] \\.\\{{C{E) , t)) as the subset of all U E IJ{{C{E),t)) such 
that \\U{s)\\ < 1, for all s G M+. Finally we set U,,((£(E), r)) as the subset of all 
\J{{C{E), r)) such that there exists a fundamental set F of seminorms on E such that 
U (s) is an isometry with respect to any element in F, for all s E M+. We use throughout 
this work the notations of HGieU and often when referring to Banach bundles those of 
HFDII . In particular (((£, r) , p, X, Dl) or simply ((£, p, X), whenever r and are known, 
is a bundle of 1]— spaces (1.5. of HGieU ), where we denote by r the topology on <t while 
with = {vj \ j E J} the directed set of seminorms on (£ (1.3. of [iGiel ). Thus we set 
= {z^J I j G J} with z/J = Uj \ for all x E X and j E J. Moreover for any 
f/ C X we shall call the Space of Sections of {{(B,t) , p, X, ^) on U the linear space 
Tu{p) of all continuous bounded selections of p defined on U, namely Q 



^ Notice the similarity of notation with Def. II. 1.11 In any case it will be always clear which definition has 
to be considered. 



b 



rc/(p) = c([/,e)f|n<^-^-) 



where =f p (x). 
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where C (?7, <3) is the linear space of all continuous maps f : U ^ (B. Let U C X and 

X e U set 

^Up) ^ \ f ^Yl I continuous at x I . 

So rf/(p) = Ox^u'^Up)- We set r(j9) = Txip) and r"(j9) = r^(p) for any x e X. 
The definition of trivial bundle of spaces is given in 1.8. of HGiel . 
All vector spaces are assumed to be over K E {M, C}, Hies is for Hausdorff locally 
convex spaces. We say that V = {(\4, Ax)}x£X is a nice family of Hies if {Vx}x&x is 
a family of Hies such that 3 J for which Va; G X the set = {j^jjjeJ is a directed § 
family of seminorms on generating the let on it. For any family of seminorms T on 
a vector space V we shall define the directed family of seminorms associated to T the 
following set {sup F \ F E ^^^(r)} with the standard order relation of pointwise order 
on M^. 

Given two Ics E and F we denote by C{E,F) the linear space of all linear and 
continuous maps on E with values in F, and set C{E) = C{E,E), moreover by 
Ft{E) = {P E C{E) I P o P = P} we denote the class of all projectors on E. 
Let S* be a class of bounded subsets of a Ics E, thus Cs{E) denotes the Ics whose under- 
lining linear space is C{E) and whose let is that of uniform convergence over the subsets 
in S. When E h di normed space and S is the class of all finite parts of E, then Cs{E) 
will be denoted by Bs(E), while B(E) denotes C{E) with the usual norm topology. 
Let X, Y be two topological spaces then C {X, Y) is the set of all continuous maps on 
X valued in Y, while Cc {X, Y) is the topological space of all continuous maps on X 
valued in Y with the topology of uniform convergence over the compact subsets of F. If 
F is a uniform space then C^(X, Y) is the space of all bounded maps in C {X, Y), while 
C^^{X, Y) = Ce (X, Y) n C\X, Y). If E is a Ics then (X, E) is a Ics, while if E is 
a Hies and Comp{X) is a covering of X, for example if X is a locally compact space, 
thenCc(X, is a Hies. 

Let y be a locally compact space, /i E RadoniY) and E E Hies, then 2,i{Y,E,^) 
denotes the linear space of all scalarly essentially integrable maps f : Y E such 
that its integral belongs to E, see HINTl Ch. 6], while Meas{Y, (Bx, /i) denotes the linear 
space of all ^u— measurable maps f : Y ^ E. 

If S is any set then Vuj{S) denotes the class of all finite subsets of S. Finally "u.s.c." is 
for upper semicontinuous. Finally we shall give the following 

^ I.e. (Vji , j2 e J) (3 j G J) {fj,^_^ , /ij^ — /^j ) with the standard order relation of pointwise order on . 
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Definition 1.1.1. Le? 21 = ((<B,r) Dl) Z7e a bundle ofQ-spaces, x e X and 
Q, S subsets ofYl^ex Thus we set 

Q^s = {HeQ\i3Fe S)iHix) = 

andQt = Q^^^^y while T^O = (r-(0)5 r^(e) = (r-(O)o- 

1.2. Direct Sum of Bundles 17— spaces 

1.2.1. Standard construction of Bundles of 17— spaces. 

Definition 1.2.1 ( FM(3) - FM(4) ( fiGiel §5) and FM(3*) - FM(4) ). Let V = 
{{Vx, Ax)}xex be a nice family of Hies with Ax == for all x G X; we say that 

g satisfies FM{3) - FM{4) with respect to V (see [ giell §5j ifG C H^gx (K^. A) = 
{/ e rixex'^^ I (Vj e J)(sup^ex^|(/(a;)) < oo)} and 

FM{3): {f{x) \ f e Q} is dense in Vxfor all x E X; 

FM{A): X3x^ is u.s.c. Vj G J and\/f G G. 

Now we shall introduce a stronger condition namely we say that Q satisfies FM(3*) — 
FM(4) with respect to V ifFM{3*) and FM{A) hold where 

FM{T) (Vx G X){{f{x) \feg} = Vx). 

Remark 1.2.2. LetYk = {(Vx, A^)}xex, with k = 1,2, be two nice families of Hies 
such that Al and Al generate the same locally convex topology on Vx- Notice that Q 
satisfies FM{3) — FM(4) with respect to Vi doesn't imply that Q satisfies FM{3) — 
FM(4) with respect to V2. Say A'' = {fi^'' \ jk G Jk}, then a necessary condition for 
which the fact described happens is the following one (3 Xq C X){3 k E {1, 2}){3js : 
XoxJk^ Js)(Vx G Xo)(Vjfc G Jfe)(3C> 0){yv G K) 

In other words the index for some inequalities relating the seminorms on A^ with those 
on A^, depends on x. 

Definition 1.2.3. LetV = {{Vx,A'x)}xex be a family of Hies where A'x = {f^jjj^&j^ 
is a directed family of seminorms on Vx generating the let on it, for all x G X. Then we 
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set 

f 

{/if , X = y 
0, X 7^ ?/ 

Moreover by setting 

n (^-^^) ^ I / e n 1 \ G n ) (sup4,)(/(x)) < oo 

we say that G C H^ex (^^' -^x) ^^^^'^^^e^ FM(3) - FM(4') wzY/z re^pec? to V ifFM{3) 
and FM{4') hold where 

FM{A') (VJ G J) iyf eg){x3x^ u.s.c) . 

Remark 1.2.4. Definition \1.2.3\ ensures the possibility of associating a nice family of 
Hies to any family of Hies. Namely let V' = A'^)}xex be a family of Hies where 
•^x =^ {/^j^ }ia,e Jx ^ directed family of seminorms on Vx generating the let on it, for all 
X E X. Then V = {{Vx, Ax)}xex is a nice family of Hies, called the nice family of 
Hies assoeiated to V. Indeed Ax generates the let on Vx moreover it is trivially directed. 
Moreover 

oo oo 

\{{Vx,A!x) = X{{Vx,Ax). 

x£X x€X 

and Q satisfies FM{3) — FM(4') with respect to V if and only if it satisfies FM{3) — 
FM{4) with respect to V. 

Definition 1.2.5 (5.2 - 5.3 of flGiell ). Let E = {{Ex,^x)}x(^x be a nice family of 
Hies with ^x = {^j I J e J} for all x e X. Moreover let £ satisfy FM{3) - FM(4) 
with respect to E. Now we shall apply to E and £ the general procedure described in 
5.2 — 5.3 of [GieJ for constructing bundles of VL— spaces. 
We define 

2J(E,^) 

to be the Bundle generated by the couple (E, £) , if 

(1) 5J(E, £) = ((€(E), r(E, £)) , tte, X, 

(2) e(E) = Uexi^^} X Ex. : ^(E) 3 [x,v) ^ x e X. 

(3) *K = {vj I j G J}, with : 3 (x, v) z/J(f ); 
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(4) r(E, S) is the topology on <^such that for all (x, v) G C;(E) 

^r(E,£-) ^ ^e:(E) 

is the neighbourhood' s filter of {x,v) with respect to it. Here is the 

filter on £(E) generated by the following filter's base 

B^{{x,v)) = {TE{U,a,e,j) \ U e Open{X),a e S,e>0,j eJ 

\ X eU, Uj{v - a{x)) < e}, 

where 

(1.2.1) T^{U,a,e,j) = {{y,w) G £(E) | y G U,u^w - a{y)) < e} ; 

What is important in this construction is the fact that £ is canonically isomorphic to a 
linear subspace of r(7rE) indeed 

Remark 1.2.6. Let E = {{E^,'Jl^)}^(zx be a nice family of Hies with = {z/J | 
j G J} for all X E X. Moreover let £ satisfy FM{3) — FM{A) with respect to E, and 
23(E, be the bundle generated by the couple {E,£). Thus according Prop. 5.8 of 
BGiel we have 

(1) 5J(E, £) is a bundle of Q— spaces; 

(2) with the notations of Definition I i . 2. 5l ^ ( E . £) is such that 

(a) (S(E)j^^, r(E, as topological vector space is isomorphic to (E^.,^^^^) 
for all X E X; 

(b) £ is canonically isomorphic^ to a linear subspace ofVin-E) and if X is 
compact and E is a function module, see HGiei 5.1.], then £ ^ r(7rE). 

Remark 1 .2.7. Let 'Elbe a nice family of Hies and let £ satisfy FM{3 — 4) with respect 
to E. Thus for all U G Open{X), a e £, e > 0, j e J 

where for all s EEy 

B^yM = {{y,w) G e(E), \u]{w-s)<e}. 

In others words TE{U,a,e,j) is the a— deformed cilinder of radius e, which justifies the 
name of e— tube. 



^ By applying 5.3. of IIGiel and Ch.l. of MGTI we know that such as topology there exists. 
^I.e. a^/iffa(x) = (a:,/(x)) 
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1.2.2. Characterizations of Neighbourhood's filters and Sections of Bundles of 
r2— spaces. The following are simple but very useful characterizations of the conver- 
gence and of a section in a bundle of ^7— spaces. 

Proposition 1.2.8. Let 2J = r) , tt, X, D^t) be a bundle ofVt-spaces where = 
{vj I i G J}. Moreover leth G (B and {ba}aeD net in (£. Then (1) (2) (3) -v^ (4) 

(1) limaeoba = b; 

(2) (3[/ G Oj9(X) I f/ 3 7r(6))(3(T G r(;(7r))((T o 7r(6) = b) such that 
limaeD 7r(&a) = 7r(6) anJ (Vj G J)(limQg£, z/j(6a - (T(7r(6c,))) = 0); 

(3) (3f/' G Op{X) I f/' 9 7r(6))(3a' G r(;(7r) | a' o 7r(6) = 6) anJ (Vt/ G 
Op(X) I f/ 9 7r(6))(Vcr G r[/(7r) | o-o7r(6) = b) we have \imaeD Tr{ba) = 7r(6) 
and (Vj G J)(limQgz) z/j(6q - cr{n{ba))) = 0); 

(4) (3f/' G Op(X) I f/' 3 vr(6))(3a' G r^(7r))(a' o 7r(6) = b) and Mm^^D ba = b. 
Moreover ifiO is locally full then (1) (4). 

Proof. Of course (3) (2). (2) is equivalent to say that {3U e Op{X) \ 
U 3 7r(6))(3a G Tu{7v)){(r o 7r(6) = 6) such that (VV G Oj9(X) | 7r{b) e V C 
U)(Ba{V) G D){\/a > a(\/))(7r(6„) G and (Vj G J)(V£ > 0)(3a(V) G D)(Va > 
a(j,£:))(z/j(6a — o"(7r(6Q,))) < e). Seta{V,j,e) G D such that a(V,j, e) > a{V),a{j,e) 
which there exists D being directed, thus we have (W G 0]9(X) | 7r(6) G C U){\/j G 
J)(Ve > 0)(3a(V, G such that (Va > j, e))(z/j(6„ - a(7r(6„))) < 
and 7r{ba) G V". Thus (1) follows by applying 1.5. VII of HGiel . Finally by ap- 
plying 1.5. VII of [iGiel (4) (respectively (1) if 23 is locally full) is equivalent to 
(3f/' G Oj9(X) I U' 3 7T{b)){3a' G 1^/(71)) (a' o tt (6) = b) and (Vct G Tu{tt) \ 
ao7i{b) = 6)(Vj G J)(V£ > 0)(VI/ G Op{X) I 7r(6) G ^ C f/)(3 a G L')(Va > a) we 
have 7r(ba) G F and h'j{ba — cr(TT(ba))) < e which is (3). □ 

Although the following is a simple consequence of the previous result, we give to it the 
status of Theorem due to its extraordinary importance and use in the whole this work. 

Theorem 1.2.9. Let QJ = (((£, r) ,7r,X, 9^) be a bundle ofVt-spaces, W C X and 
indicate = {uj \ j G J}. Moreover let f G Xoo G W. Then (1) <^ (2) (3) <^ 
(4) ^ (5) where 

(1) f is continuous in Xoo,' 
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(2) (3U e Op{X) I U 3 a;oo)(3cr e Vu{Tx)){a{xoo) = f {x^)) such that Vjo{f - 
croTTo/) : W M. and o f : W ^ X are continuous in Xoo for all 
3 e J; 

(3) Ti o f : W X is continuous in x^o and (3 [/ G Op{X) \ U 3 Xoo)(3cr G 
rf/(7r))(cr(xoo) = f{xoo)) such that 

(Vj G J)( lim -aono f{y)) = 0); 

(4) {3U' G Op(X) I U' 3 Xoo)(3a' G Tu{n)){cr'{x^) = f{x^)) and (Vt/ G 
Op(X) I f/ 9 Xoo)(V(7 G rt/(7r) I cr(a;oo) = f{xoo)) we have Uj o {f - cf) : 

n f/ — > R an J TT o / : 11/ ^ X are continuous in x^o for all j G J; 

(5) n o f : W X is continuous in Xoo and (3 U' G Op{X) \ U' 3 a;oo)(3 cr' G 
rt/(7r))(a'(xoo) = /(a;oo)) and (Vf/ G Op{X) \ U 3 a;oo)(V(T G Tuin) \ 
<y{xoc) = f{xoc)) we have 

(Vj G J)( lim - a o vr o /(y)) = 0); 

(6) (3f/' G Op{X) I f/' 9 x^){^a' G r^(7r))K(xoo) = /(a^oo)) and f is 
continuous at Xoo- 

Moreover if^ is locally full then (1) (6) and if it is full we can choose U = X and 
U' = X. 

Proof. (1) is equivalent to say that for each net {xa}aeD C W such that 
liniQg^) Xa = Xoo in 11^, we have liniagD fi^a) = f{xoo) in <£. Similarly (2) is equiva- 
lent to say that for each net {xa}a(^D C W such that limag^i Xq, = x^o in W, we have 
limaeDTT o f{xo) = TT o /(xoo) and (Vj G J) (liniaeD z/^ o (/ - a o tt o f){xa) = 
z/j o (/ — (7 o TT o /)(xoo))- Thus (1) <^= (2) follows by the corresponding one in Propo- 
sition [L2]8] with the positions (Va G D){ho, = f{xa)) and 6 = f{xoo)- Similarly 
(1) <= (5) follows by (1) <= (3) of Proposition [Ojl Finally (5) (6) follows by 
(5) =^ (1), while if (6) is true then tt o / is continuous at Xoo indeed vr is continuous, 
then (5) follows by the implication (4) =^ (3) of Proposition 11.2.81 with the positions 
(V« G D)% = f{xa)) and b = /(xoo). □ 

Corollary 1.2.10. Let^ = ((€, r) ,7r,X, Dl) be a bundle of Q-spaces, W C X 
and indicate = {z/j | j G J}. Moreover let f G HxeVF and x^o £ W. Then 

(1) ^ (2) ^ (3) <= (4) ^ (5) ^ (6) where 

(1) / zi' continuous in x^o; 
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(2) {3U e Op{X) I U 3 a;oo)(3cr e Vu{Tx)){a{xoo) = f (xoo)) such that uj o(f - 
a) : W n U —>■ is continuous in x^o for all j G J; 

(3) (3U e Op{X) I U 3 Xoo)(3a G ru{7T)){a{xoo) = f{xoo)) such that 

(VjG J)( lim z/,(/(y)-a(y)) = 0); 

(4) {3U' G Op(X) I U' 3 Xoo)(3a' G rc;(7r))(a'(xoo) = /(xoo)) anJ (Vt/ G 
Op{X) I t/ 9 Xoo)(V(T G rt/(7r) I cr(xoo) = /(a^oo)) /zave f/zaf z/j o {f — cr) : 

n f/ ^ M /5 continuous in x^o for all j G J; 

(5) (3[/' G Op{X) I f/' 9 a;oo)(3a' G rc;(7r))(a'(xoo) = /(xoo)) anJ (Vf/ G 
Op(X) I f/ 3 Xoo)(Vo- G r,7(7r) I o-(xoo) = f{xoo)) we have 

iyjeJ){ \im u^ifiy)-aiy)) = 0). 

y^Xac,y<^Wr\U 

(6) (3f/' G Op{X) I f/' 9 x^){3a' G r^(7r))(a'(xoo) = /(a;oo)) and f is 
continuous at x^o 

If^ is locally full then (1) <^=> (6) and if it is full we can choose U = X and U' = X. 

Proof. By Theorem [TH] and no f = Id. □ 

Proposition 1.2.11. Let 5J be full and such that there exists a linear space E such 
that for all X ^ X there exists a linear subspace C E such that <Bx = {x} x E^, and 
that 



{X 3 x^ {x,v) e€^\v E Pi C r 



/ ^ Ilxex ■^"'^^ ^^'^'^ /(^) = fo{x))for all x E X and fo{xoo) e Clxex 
(1) ^ (2) ^ (3), w/zere 

(1) / Z5 continuous at x^o 

(2) (3t/ G Op{X) I [/ 9 Xoo)(3cr G Cf, (t/, i?))(o-(xoo) = f{xoo)) such that for all 



je J 
(3) /or a// j E J 



z^xoo,zewnu •' 



\im u^{{zJo{z))-iz,f{x^)))=0. 



An example is when 5J is the trivial bundle. 
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Proof. By Corollary [L2J0|(1) ^ (2). Let (3) hold then (2) is true by setting 

^ = ^/(xo.) r U. Let (2) hold then u^iizJo{z)) - (zJix^))) < u^i{zJo{z)) - 
a{z)) + z/|((t(^) - r/(^.^)(^)), thus (3) follows by (2) and by Corollary [TTIO] applied 
to the continuous map tj(^^) \ U. □ 

Corollary 1.2.12. Let 2J = ((<£, r) ,7c,X,% be a bundle ofQ-spaces, W C X 
and indicate = {uj \ j G J}. Moreover let f,gE IIxgvf '^^ <^nd Xoo € W. Then if^ 
locally full or Vj is continuous Vj G J, then (1) — > (2) where 

(1) fi^oo) = g(yXoo) and f and g are continuous in Xoo,' 

(2) {3U e Op{X) I Xoo G f/) such that 

(VjG J)( \im u^ifiy)-giy)) = 0). 

y~*x^,y£Wr\U 

Moreover if^ is full we can choose U = X. 

Proof. The statement is trivial in the case of continuiuty of all the I'j. Whereas 
if 5J is locally full by (1) ^ (5) of Corollary [TTIO] we have (3f/ G Op{X)){3a G 
rc/(7r))(a(xoo) = f{xoo) = gix^)) such that 

(Vj G J)( ]im ujifiy) - aiy)) = Mm u^v) - ^iv)) = 0)- 

y^xaD,y&Wr\U y^x^,y£Wr\U 

Therefore 

lim z/j(/(i/)-^(l/)) < \im Uj{f{y)-a{y))+ lim Uj{g{y)- a {y)) 

y^xocy&WnU y-*x^,yGWnu y^xoo,y&WnU 

□ 

Corollary 1.2.13. Let (((£, r) , vr, X, 91) be a bundle ofQ-spaces, W G Op{X) and 
indicate ^ = {uj \ j G J}. Moreover let f G IIxgw (1) ^ (2) ^ (3) ^ 

(4) (5) where 

(1) / G rH.(7r); 
(2) 

(Va; G iy)(3?7, G Op(X) | f/, 9 x){3a,, G rt;,(7r))K(x) = /(a;)) 
such that z^j o (/ — (Ta;) continuous in x, Vj G J; 

(3) 

(Vx G H^)(3t/,. G Op{X) I t/, 9 x)(3(T,. G r^,(7r))K(x) = /(x)) 
5Mc/z that (Vj G J)(limy^a:,s/ewnc/:. - (^x{y)) = 0); 
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(4) 

(Vx G W)i3U', G OpiX) I f/^ 9 x)(3< G r^,(7r))K(x) = /(x)) 

(Vt/, G Op(X) I 3 x)(V(T, G r^^(7r) I cx,{x) = f{x)) 
we have that Vj o [f — ax) is continuous in xfor all x eW and j G J; 

(5) 

(Vx G H^)(3t/:. G Op{X) I [/^ 9 x)(3< G r,,,(7r))(a^(x) = /(x)) 

(Vx G iy)(Vf/,. G Op(X) I Ux 3 x)(Va,, G TuM \ a,(x) = /(x)) 

we have (Vj G J)(limy^3;,ygH/nc/. ^jifiv) - <^x{y)) = 0). 

Proof. By Corollary [L2J0I □ 

In the case in which the bundle is locally full we can give some useful characterizations 
of the Neighbourhood's filter of any point a in the bundle space {^,t). 

Definition 1.2.14 (e-Tubes). Let ^ = (((£, r) ,p, X, 91) be a locally full bundle of 
Q— spaces, and let us denote Dl = {uj \ j G J}. Set 

J^a" = m au)\Ue Op{X), au G Tuip) \ p{a) G t/, au{p{a)) = a} . 

Moreover Va G (£ and VI G K}""" set 

&r{a) = {T'-(\/, [2(a), I V G Op{X),e> 0,j G J \ p{a) eVC l,{a)} , 
T'-(f/, au, e,j) = {/3 G € I G U, - < e} , 

(Vf/ G Op(X))(Vj G J)(V£ > 0)(Vaf; G Tuip)). 
If^ is a full bundle then we can set 

/C„ = {([/, (j) I f/ G Op{X), a G T{p) I G U, a{p{a)) = a} . 
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Moreover Va G € and V[ G /C set 



Bt{a) = {T{V, l2{a),e,j) \ V G OpiX),e> 0,j e J \ eVC k{a)} , 



(Vf/ G Op{X)){\fj G J)(Ve > 0)(V(T G r(p)). Any r'°'=([/, a f U,e, ]) for a fixed 



e > Q is called e— Tube. 

Remark 1.2.15. Notice that (yu G Op(X))(Vj G J)(V£ > 0)(V(Tt/ G r{7(p)) 



where for all 'J G 

i?£,..,.(7) = {/5ee, |z.]'(/5-7)<4. 

Corollary 1.2.16 ( Neighbourhood's filter ). Le? <p = {{iE,t) ,p, X,^) be a 
bundle of VL— spaces 

(1) if^ is locally full Va G CB and V[ G /C'°'^ the class B\"'^{a) is a basis of a filter 



(2) if ^ is full or locally full over a completely regular space then Va G 2 and 
VI G /C the class Bi{a) is a basis of a filter moreover 



Here is the neighbourhood' s filter of a in the topological space (S, r). 

Proof. Statement (1) follows by applying 1.5. VII of IIGiei while statement (2) 
follows by statement (1) and the fact that for all U G Op{X) and a G V{p) we have 
a \U eTu{p) and T(f/, a, e, j) = T'°^(f/, (t f f/, e, j), for all j G J and £ > 0. □ 

Definition 1.2.17. Let E = {(E^,9Tx)}xgx « nice family of Hies with = 
{z^Jgjj/or a// X e X. Moreover let £ satisfy FM{3*) - FM(4) with respect to E. Set 
as usual '2(E) = Uzexi^l ^ -^^ 



moreover 





^U.) = {{U,f)\Ue Op{X), fe£\xeU, f{x) = v} . 
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Moreover \/{x, v) G (£(E) and'ii e /C^ set 
(1.2.2) 

Sf((x,t;)) = {Te(\/, | £ > 0,j G J, V G Op(X) \xeV<Z h{{x,v))} . 

Here Te(V^, t2((a^, ^)), j) has been defined in (I1.2.1I ). 

Corollary 1.2.18 ( Neighbourhood's filter X^"^^^^^^ ). Assume notations in Definition 
\1.2.5\ and in Definition \1.2.17\ Let E = {(-E^., ^x)}x&x be a nice family of Hies with 
=F {'^jej} X G X, moreover let £ satisfy FM{3*) - FM(4) with respect 

to E. Then 2J(E, S) = ((S(E), r(E, , vte, X, 91) a/w// bundle of Q— spaces and 
y{x,v) G (B(E) 

^(£(E) ^ -7-r{E,£-) 
^Bf((a;,-!;)) -^ix,v) ' 

//ere I'l^^-^'' is the neighbourhood's filter of (x, f) in the topological space 
(e:(E),r(E,^)). 

Proof. By Theorem 5.9. of [Giel 8 and T{pi) are canonically isomorphic as linear 
spaces, so 2J(E, 8) is full by FM(3*) The statement hence follows by statement (2) of 
Corollary [L2I61 □ 

The following corollaries provide conditions under which the topologies over two bundle 
spaces are equal. 

Corollary 1.2.19. Let {{^,Tk) ,pfc,X, D^^) be a full bundle of Q— spaces or a locally 
full bundle over a completely regular space X, for k = 1,2. If there exists a map p such 
that p = Pi = P2 (equality as maps) andV{pi) = T{p2) then Ti = T2. 

Proof. By statement (2) of Corollary [L2J61 □ 

Corollary 1.2.20. Let us assume the hypothesis and notations in Corollary \L2.18\ 
moreover let ^2 =f {{E, T2) , p2, X, ^2) be a bundle of Q— spaces and a map p such that 
p = n-E, = P2 as maps. Thus if the following conditions are satisfied 

(1) X is compact; 

(2) S and T{p2) are canonically isomorphic as linear spaces 
then r(E, S) = T2. 

Proof. By Theorem 5.9. of nCieU £ and r(7rE) are canonically isomorphic as linear 
spaces if X is compact, so r(7rE) = r(p2). Moreover FM{3*) and the shown fact that 
£ and r(7rE) are canonically isomorphic ensure that 2J(E,£^) is a full bundle, thus it 



29 



is so by the equality r(7rE) = r(p2)- Hence the statement follows by Corollary 
I1.2.19I □ 

1.2.3. Direct Sum of Bundles of ri— spaces. 

Definition 1.2.21 ( njar| ). Let {-Eijig/ a family oflcs. Then we denote by tq, t^, ti, Ty 
respectively the topology on 0jg/ Ei induced by the product topology on Hie/ ^^^^ 
induced by the box topology on Hig/ (^^^ njarH j, the direct sum topology, Ch. 4, §3 
of njarl , finally the Ic-direct sum topology Ch. 6, §6 of fljarl . 

Theorem 1.2.22. Let {E^, a finite family oflcs where z/j = {z/j | /j G Li] is a 
fundamental directed set of seminorms of Ei. Let us set for alii = 1, n, li G L^ and 

Pp ~ 2^i=l ^i,k-i 

where Pij : YYk^i E^ 3 x Xi E E^. 

Then fi = {ftp \ p G YYi=i ^i) ^ directed set of seminorms on 0"^^^ Ei, moreover by 
setting 

'B[0) = {Wne,P&I\UL,} 
WP = {x ^1^,E, \ fip{x) < e}, 

we have that B{Q) is a base of a filter on 0"=i Ei in addition 

'>-©j=l Ei q-r 

^B(O) —-^0 5 

where r is the unique locally convex topology on 0"=^ Ei generated by fi and Xq is the 
neighbourhood's filter o/O with respect to the topology r. Finally with the notations of 
Definition \L2.21\ we have r = tq = = ti = T[. 

Proof. Only in this proof we set I = {1, ...,n}, L = Hi^j Li and E® = 0"^^ Ei. 
Due to the fact that n < oo we know that HLi -^^ = so by [iJarl §4.3. the set 
{nr=i I ^» ^ iU)i} is a 0— basis for the box topology on if ilj is a 0— basis for 
the topology on Ei. Moreover z/j is directed so by IL3 of nTVSII we can choose 

(1.2.3) lii = {V{u,^i^,e) = {xi G Ei \ Vi,u{xi) < | e > 0,/, G Li}. 

Thus if we set 

UP = {xeE®\{yieI){v.,pX^)<r,,)}, 
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(1.2.4) 



then -Bi(O) is is a 0— basis for the topology tq. Moreover = f]"^^ V{i'i^p.r]i) so if we 
set 



UeA/ / 



^0 r' 



then by SiiO) C ^(0). Moreover by applying II. 3 of lITVSll . ^(0) is a basis of 

a filter thus 

tfei(o) ^ ug(o)- 

Now for all M E (Uie/{0 x L^) we have M = [j^^j Mi with = M n {{i} x 
^i) = {«} X Q, for some G Hence VM G (Uie/i^) ^ ^0 • 



Moreover we know that itj is a basis of a filter on Ei thus for aa i G / there exists Aj > 
and ki G Lj such that 

hence 

e?(0) 9 T D P{x G I X, G A,)} 

i€l 

= Pv(z>,,fc,,A,) Gi3i(0). 
Therefore by a well-known property of filters dg(o) ^ i^ff(o) '^hen 

By applying II.3 of HTVSH we know that dg(o) is the 0— neighbourhood's filter with 
respect to the locally convex topology generated by the family of seminorms {z/^ | s G 
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Uig/IO X Li} thus by (fLZ4l) and (fL231) 

(1.2.6) < z/s I s G [J{0 -^i f is a fss for tq, 

I ie/ J 

where fss is for fundamental system of seminorms. 

Now /t is a set of seminorms on E'^. Let p^, G L then by the hypothesis that z/j is 
directed, for alH G / there exists pi G Li such that pi > p^, p^ thus pp > Ppi , Pp2, hence 
p is directed. Therefore setting 

B{0) = {WP I e > 0,p G L} 
IV/ = {xeE®\ pp{x) < e} 

by applying //.3 of lITVSl 

(1.2.7) ;B(0) is the 0— basis for the topology gen. by p. 

Now (V(A;, /fc) G UiG/{^} X P e L){i)k,i^ < afip) indeed keep any p s.t. p(A;) = 4.. 
While (Vp G /)(m G N)(3 si, s„ G U-g^ji} x Li)(3 a > 0)(pp < a sup^ z>^ J indeed 
it is sufficient ot set m = n, a = and Sj = (z, pi) for all z G /. Therefore by applying 
Corollary 1 11.7 of flTVSII and by (11.2.71) and (11.2.61) we have that p is a fundamental 
directedset of seminorms for the topology tq hence the part of the statement concerning 
tq. By Prop. 2, §3, Ch 4 of fljarl we know that tq = = r/. Finally ri = r/ by the 
fact that Ti is the finest locally convex topology among those which are coarser than ti, 
§6, Ch 6 of [I Jar], and the just now shown fact that ti is locally convex being equal to tq 
which is generated by p. □ 

Now we shall apply the result obtained in the previous proposition, in order to extend to 
the case of bundles of f]— spaces what is a standard construction in the Banach bundles 
case. 

Definition 1.2.23. Let {23^ = (((Si,ri) ,7rj,X, be a family of bunldes of 

VL— spaces, let us denote ''Ri = {I'i^i^ \ h G Li} and^^ = {i^u- == i^i,ii \ {^i)^ I h ^ Li}, 



^1, 



with = 'n'i{x) for alii = Set 

(1) E® = er=i (s.).; 

(2) n® = {p^|pGnr=i^^}- ^here 



(1.2.8) 
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(3) £® is the linear subspace o/Hxex '^x generated by the following set 

n 

(1.2.9) Ur(^0- 

i=l 

Here Prf : E® 9 x t-> x{i) G ((2^)^ while 9^^^ = u^^^ o Prf an<i /f : ((Sj)^ ^ E® 
the canonical inclusion, i.e. PrJ oj^;^ = 6ij I d^, finally T{ni) = {/ | / G r(7rj)}, wzY/z 
/(x)=/f(/(x)). 

Notice that {{{^i)^ , /or all x E X is a family of Hies where is a directed 

family of seminorms defining the topology on (Si)^., for all i = 1, ...,n, moreover by 
Lemma U.2.25\ S® satisfies FM{3) — FM(4) with respect to E®. Finally by applying 
Theorem \1.2.22\ we have that n® is a directed set of seminorms on E® U so for what 
before said we can state that the couple 

(1.2.10) (E®,£®>, 
where 

E^ = {(E® n®>L^,, 

satisfies the requirements of Proposition 5.8. of nGieH . Therefore (11.2.101) generates a 
bundle of VL— spaces which according the notations in Definition is \1.2.5\ 

n 

(1.2.11) 02Ji = 5J(E®,£®) 

1=1 

and called the bundle direct sum of the family {QJj}"^^. 

Remark 1.2.24. Note that Theorem U .2.22\ shows much more then the directness of the 
set of seminorms n®, indeed it proves that n® induces on E® the product topology. 

Lemma 1.2.25. 8® satisfies FM{3) - FM{A) with respect to E®. 

Proof. If is a bijective map onto its range whose inverse is Prf \ Range{If). 
Moreover by definition of the product topology Pr^ is continuous with respect to the 
topology Tq on Range{If) induced by tq [GT, Ch. 1], while If is continuous with respect 
to Tq by [Jar, § 4.3 Pr.l] and the definition of r^. Hence by Theorem 11.2.221 If is an 
isomorphism of the tvs's ((Ci)^. , OT^) and If {{^i)^) as subspace of (E®, n®). 

^ See Remark[L221 
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Moreover BGiei 1.5. Ill] and HGiei 1.6.viii]§we deduce that {a{x) \ a e r(7rj)} is dense 
in , m^). Therefore Vi = 1, n and Vx G X 

(1.2.12) {I-H^)) I ^ e r(7r,)} is dense in If ((e,) J. 

where If ((^i)^) has to be intended as topological vector subspace of (E®, n®). So by 
the continuity of the sum on (E®, n®) and the fact that E® is generated as linear space 
by the set Ur=i ii^i)x) can state e X that 

(1.2.13) {F{x) |FG^®}isdensein(E® n®). 
Namely by (11.2.121) 

(Vt; G g®)(V^ = l,...,n){3{a^^}^^^D, net C r(7r,)) 

such that 



V = ^/r(Pr(t;)) = ^ lim /fK(x)) 

i=l i=l 

n n 

= lim<(x) = lim ^<(a:) 

i=l i=l 
n 

= lim V/f(or«(i)(x)), 

i=l 

where D = HILi while w^(x) = If ((jQ,(j)(x)) for all a E D. Moreover Va G D 

r n \ 

X9xH^^/fK(,)(x)) Gf® 
^ j=i / 

then (11.2.131) and FM(3) follow. 

Finally FAf(4) follows by nGiei 1.6.iii] applied to any ai G r(7rj) for all % = 1, ...,n 
indeed V(Ti G r(7rj) 

□ 

Remark 1.2.26. By Defimtion irZSl and (11.2.111) 

= ((€(E®), r(E®, £®)> , VTE., X, n®> 

i=l 



^ which ensures that the locally convex topology on ( 2:^ ) 3. generated by the set of seminorms is exactly 
the topology induced on it by the topology on €i, for all i and x Q X. 

34 



where 

(1) e(E®) = Ugx{^} X E® VTEe : C(E®) 3 {x,v) ^ x E X. 

(2) n® = {A, :| p e nr=i with fi, : ^(E®) 3 (x, t;) 

(3) r(E®, £®) is the topology on (£(E®) such that for all (x, v) G (£(E®) 

neighbourhood' s filter of {x,v) with respect to it. Here ^t3({xv)) 
yz/fer on £(E®) generated by the following filter' s base 

n 

B®{{x,v)) = {TEe([/,a,e,p) | U G Open(X),(T G £®, e > 0, p G JJ 

i=l 

\ x eU, fip{v - a{x)) < e}, 

where 

TE^{U,a,e,p) = {{y,w) G ^(E®) \ y e U, fiy{w - a{y)) < e} ; 

Finally the following is a useful characterization of continuous maps valued in 2(E®). 

Corollary 1.2.27. Let {53,^ = {{(Ei,Ti) ,'Ki,X,%)}1^^ be a family of bunldes of 
Q— spaces, f G S(E®)^ and x G X. Then f is continuous in x if and only if 
/q : X -H> fS-i is continuous in x for all i = 1, ...,n, where fo G (IJ^ex E®)^ such 
that\/z E X f{z) = {z, fo{z)) and 

fl{z) = Pr o/o(z). 

In particular f G r(7rE®) if and only if {X 3 z ^ Pr^ °/o(^) ^ (^i)^) ^ r(7rj), /or all 
i = 1, ...,n. 

Proof. By (1) ^ (5) in Theorem [LM] applied to [J"^^ f (vTi). □ 

Convention 1.2.28. Let {^i = {{^i,Ti) ,TTi,X,%)}1^^ be a family of bunldes of 
Q— spaces, anJ23(E®, S®) the bundle direct sum of the family {23j}"^^. By construction 
we have that r(7rEe) C Hxexi^} ^ E®. In what follows, except contrary mention, we 
convein to consider with abuse of language in the obvious manner 

n 

r(vrEe)cn0(e4- 

x&X i=l 
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Similarly for r^(7rEe)/or any x & X. Moreover in the case in which for any i — 1, ...,n 
we have QJj = 2J(Ei, with obvious meaning of the symbols we consider 

r(^Ee)cn0(E4- 

xex 1=1 
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CHAPTER 2 



Main Claim 

2.1. Map pre-bundle M relative to a map system 

Definition 2.1.1 (Map Systems). (X, E, S) is a Map System if 

(1) X is a set; 

(2) E = {{Ex, ^x)}x£X is a nice family of Hies with =f {i^j \ j G J} for all 
X e X; 

(3) (3L ^ 0)(5 = {Sx}xex) where = {Bf \ I E L} C Bounded(Ex) and 
{ji(zL Bf is total in E^for all x E X. 

Definition 2.1.1 { Map pre-bundle ). We say that M is a Map pre-bundle relative to 

(X,y,E,5)^/ 

(1) (X, E, S) is a map system; 

(2) M = {(Ma;, ''yKx)}xex is a nice family of Hies; 

(3) Y is a Hausdorff topological space and Vx G X 



CC,(F,/:5.(E.)); 
^x = \ sup qfj, u)\Mx\OeV^ (CompiY) x .J x L) 



Here we recall that V^{A) is the class of all finite parts of the set A, Cs^(Eix), for 
all X E X, is the las of all continuous linear maps C(Ex) on E^. with the topology of 
uniform convergence over the sets in S^, hence its topology is generated by the following 
set of seminorms 



(2.1.1) 



pli : C{Ex) 9 ^ sup i^^i(l){v)) \ leL,j eJ 



Thus by the totality hypothesis and by HTVSi Prop. 3, 1 1 1. 15] Cs^i^x) is Hausdorff. 
Finally for all {K,j, I) G Comp(Y) x J x L we set 



(2.1.2) 



g^^.^. : {¥, CsA^x)) 3 / ^ suppj//(t)) 
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Remark 2.1.3. By the fact that {t} is compact for all t G Y we have that 
UiceComp(y) K = Y thus by the shown fact that Cs^^i^x) is Hausdorff we deduce by 
[IGT, Prp. (1), §1.2, Ch 10] that Cc{Y,CsS^x)) is Hausdorff. Moreover by llGTl 
Def. (1), §1.1, Ch 10] and by the fact that (12.1.11 ) is a f.s.s. on ^^^(E^), we can 
deduce that |sup(;^j /^g^ \ O E V^j {Comp(Y) x J x L)^ is a direct f.s.s. on 
Cc {Y, Csa:(^x))- Hence (M^, fHa:) is a topological vector subspace ofCc (Y, ^^^(E^,)) 
so it is Hausdorff, hence by the construction of^R^ we can state that {(M^., fHx)}a;ex is 
a nice family of Hies in agreement with request (2) in Def. \2.1.2\ 

For the sake of completeness and the large use of it in all the work, we shall use Defini- 
tion [L23] for giving in the following remark the explicit form of 2J(M, 

Remark 2.1.4. Let M = {(Ma,, be a map pre-bundle relative to 
{X, Y,E= (E^., ^x)^(.x ' '5)' moreover let M satisfy FM{3) - FM{A) with respect 
to M. Let us denote 91^ = {z/J | j G J} for all x E X and use the notations in 
Definition \2.L2\ Thus for the bundle 5J(M, 7W) generated by the couple (M, A^) we 
have 

(1) 5J(M,A<) = ((e(M),r(M,A<)),7rM,X,lK); 

(2) e(M) = X M., VTM : ^(M) 3{xJ)^xe X; 

(3) m. = {snpi^j^ji)^c>(l{K,j,i) I O G Vu;iComp{Y) x J x L)}, with q(^K,j,i) ■ 

(4) r(M, M) is the topology on (£(M) such that for all {x, f) G (2(M) 

^€(M) ^ ^£{M) 
-^(xj) ^1>Bm{(^,/)) 

is the neighbourhood' s filter of{x, f) with respect to it. Here t?|^(2. j)) is the 
filter on €(M) generated by the following filter' s base 

Bm{{x, /)) = {Tm (f/, a, e, C) I f/ G Open{X), a G £ > 0, 
O eV^ {Comp{Y) X J X L) \ X e U, sup q(Kji)U - (^{^)) < 

where \/U G Open{X), a e M,e > andMO eV^ {Comp{Y) x J x L) 

T^{U,a,e,0) = \{y,g)e<l{M)\yeU, sup ql^, Jg - a{y)) < e) . 

y {Kj,i)eo ' '''' J 

In Remark 12.1.41 we gave explicitly the neighbourhood' filters for the topology 
r(M, Ai). A simpler form for this filter can be obtained with additional requirement 
as we showed in Corollary 11.2.181 

38 



Remark 2.1.5. Let M = {(yixi'^x)}x<^x be a map pre-bundle relative to 
(X, Y,E= (E^., ^x)^(zx 5 <S)' moreover let M satisfy FM{3) - FM(4) with respect 
to M. Thus by Remark \L2J\\/U G Open{X),a G M,£ > and yO G 
{Comp{Y) xJxL) 

y&U 

where for all s G 

5M„o,e(s) = < (y,/) G ^(M), I sup q\KU)U-s)<e\. 

y {K,j,i)€o ' '''' J 

By applying Remark [l.2.6l we have the following 

Remark 2.1.6. Let Is/lbe a map pre-bundle relative to (X, E, S), moreover let M. 
satisfy FM{3) - FM{A) with respect to M. Thus 

(1) ^(M, Ai) is a bundle of Q— spaces; 

(2) with the notations of Definition 12. 7 . 4l ^ ( M . Ai) is such that 

(a) (€(M)^, r(M, as topological vector space is isomorphic to 
(M^,fH^)/or allxe X; 

(b) Ai is canonically isomorphic with a linear subspace ofr{7iM) cind ifX is 
compact Ai ~ r(7rM)- 

2.2. {Q,S) —structures General case 

In Definition 12.2.21 we show how to generalize the topology of uniform convergence to 
the case of a bundle {DJl, p, X) of ^7— spaces, such that {^x}x(^x is a map pre-bundle 
relative to {X,Y,{<B,x]x£X,S), where (S, 7r,X) is a bundle (9Jl, p, X) of spaces. 
The aim is to correlate the topology on 971 with that on <E in order to generalize the 
correlation established in the introduction for the trivial bundle case. 

Definition 2.2.1. 

xex x&x x&x 

such that for all F G Ylxexi^^)'^'^ '"^ ^ IIxgx we have 

{F • w){x) = F{x){w{x)). 

Definition 2.2.2 ( (0,£^) -structures). We say that {^,W,X,Y) is a 
(6, —structure if 
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(1) 2J =F ((<£, t) , TT, X, « a bundle of fl— spaces; 

(2) C r(7r); 

(3) e C n^6x Bounded{<B^); 

(4) VS e e 

(a) D(S,£:)^0; 

(b) Ueee ^^^^^ ^xfar all x e X; 

(5) 2IT = ((371, 7) , p, X, IH) fl bundle of Q.— spaces such that {(9Jl^, IHa;)}^:^^ 
a map pre-bundle relative to {X, {{^xi ^x)}xex, S). 

Here S = {S^jxex and (VS e e)(Vx e X) 



(2.2.1) 



'jD{B,S)=Sn{UxexB.) 
B% = {vix)\veB{B,S)}} 
Sx = {B%\Bee}. 



Moreover (2J, 2H, X, F) an invariant (6, S) — structure if it is a (6, S) — structure 
such that 



(2.2.2) 



F e J3 mt, I (Vt e Y){Ft . £(0) c r(7r)) \ = r(p). 



zex 



Finally (5J, 2IJ, X, Y) is a compatible (©, £) —structure if it is a (©, £) —structure such 
that for allt &Y 



(2.2.3) 
Here 



r(p)t.£(e)cr(7r). 



£:(e)= U D(i3,£), 

Bee 



and St = {Ft \ F E S} and Ft G Hxex'^l'^a:) '^"^^ that Ft{x) == F{x){t), for all 
S C n^^^ £(^0:)^ teY,andF e S. 

Remark 2.2.3. Le? (5J, 2IT, X, Y) be a (©, S) -structure. Then for all x e X 



(2.2.4) Uix = { sup gf^ , s)\^x\OeV^ {Comp{Y) x J x 9) 

{K,j,B)eO 



40 



where by using the notations of Def. \2.2.2\ we set ^ = {uj \ j E J} and for all 

K e Comp{Y),j eJ,Bee 



(2.2.5) 



(ltK,j,B) ■ Cc {Y, Cs, ((£^)) 9 /x ^ sup sup z/J {f^{t)v{x)) 



Remark 2.2.4. Let^= (((£, r) , vr, X, DT) be a bundle, M = {{M^,'>y\x)}^<^x a map 
pre-bundle relative to {X, Y, {{^x, ^x)}xex, <S) and satisfy FM{3) — FM(4) with 
respect to M. Then Rmk. \2.1.4\ allows us to construct 211 satisfying the condition (5) in 
Def. \2.2.2\ About the problem of satisfying FM{3) — FM{4) recall the very important 
Rmt imi 

The following characterization of hi E r^°° (p) will be very important in the sequel. 

Lemma 2.2.5. Let (QJ, 211, X, y) be a {&,S) -structure, Xoo e W C X and U G 
rixgVF u^i^S the notations in Definition 12. 2.21 we have (1) <^= (2) <^= (3) <^=^ (4) 

moreover ifW is locally full (1) 4^ (2) (3) (4), finally ifW is full we can choose 
U = X in (2) and U' = X in (3) and (4). Here 

(1) WGr^(p); 

(2) {3U e Op{X) \ U 3 Xoo){^F e ru{p)){F{x^) = W(xoo)) such that (Vj G 
J)(VK G Compact{Y)){yB G 6) 



(2.2.6) 



lim , sup sup {U{z){t)v{z) - F{z){t)v{z)) = 0; 



(3) (3f/' G Op{X) I U' 3 a;oo)(3F G Tu'{p)){F{x^) = U{x^)) and (WU G 
Op{X) I f/ 9 a;oo)(VF G rf;(p) | F{xoo) = U{xoo)) we have (12X61) (Vj G 
J) (Vis: G Compact(F))(V5 G 0); 

(4) (3f/' G Op(X) I f/' 3 Xo^){3F G rt;,(p))(F(xoo) = W(xoo)) anJ W G 

Proof. Apply Corollarv ll.2.10l to Definition [2T2l □ 

Corollary 2.2.6. Let us assume the hypotheses of Lemma 12.2.51 and that W is full. 
Moreover let B E Q and v G D(i?, £). Then (1) =^ (2), where 

(1) U G r^(p) anJ 3F G T{p) such that F{xoo) = U{xoo) and (Vt G 
F)(F(-)(t).^;Gr(vr)); 

(2) {\/teX){U{-){t).veV^{'K)). 

Proof. By the position (1) and by the implication (1) =^ (3) of Lemma [2.2.51 and 
by the fact that the union of all compact subsets of Y is Y , being locally compact, we 
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deduce that (3F G r(p))(F(xc 



U{xoo)) such that (Vj e J)(Vt G r)(VE G 0) and 



lim,^,^,,eM/ ^^i (W(^)(t)i;(^) - F{z){t)v{z)) = 0, 
F(-)(t).i;Gr(7r). 

Thus the statement follows by implication (3) =^ (1) of Corollary II .2. 101 □ 

In general condition (1) is much more stronger than (2). Let us conclude this section 
with two results constructing a (0, S) —structure and describing r^°° (p) when 5J is triv- 
ial. 

Lemma 2.2.7. Let Z be a normed space X, Y be two topological spaces. Set for all 

X E X and v E Cb {X, Z) 

' ;W ={F G a (X, (F, Cs{Z))) I (Vir G Comp{Y)) 
{CiF,K)= sup ||F(x)(s)||b(z)<oo)}, 

{x,s)€XxK 



= {F{x) \FeM}, 
l^f,,,):M^,3G^snp,^^\\Gis)vix)l 
A. = ilif^^,) I K G Comp(F),w; G a(X,Z)}, 

closure in Cc (Y, Bs{Z)). Then M. satisfies FM3 — FMA with respect to M 



Proof. FM(3) is true by construction, let v ECh{X,Z),K E Comp{Y), F E M, 



then 



sup/X(„,^)(i^(a;)) < sup \\F{x){s)\\b{z) sup \\v{x)\\ < oo. 
xex (x,s)eXxK xex 



For all X, xo G X 

(2.2.7) < C\\v{x) - v{xo)\\ + sup \\F{x){s)v{xo)\\, 

where C = sup^^^^^^^xK \\F{x){s)\\b{z)- Moreover the map (F, 5^ (Z)) 3 f ^ 
sup^g^ ||/(s)w|| G M+jforallw G is a continuous seminorm, hence by the continuity 
of F also the map X 3 x ^-^ sup^g^^ ||F(x)(s)w|| G is continuous. So by (12.2.71) 

\i^,^,,fif^^^^{F{x)) < sup.g^ \\F{xo){s)v{xo)\\ = p(^,,„)(F(xo)), and by flGl. (15), 
§5.6] we have 



}^^l^{v,x)iFix)) = /^(„,^.o)(i^(a;o))- 
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Therefore by HGTj (13), §5.6], HGTj Prp. 3, §6.2], and the fact that any map g is u.s.c. 
at a point iff —g is l.s.c, we can state that X 3 x t-^ is u.s.c at Xq for all 

xq G X, hence it is u.s.c, which is the FM(4) condition. □ 

By Lemma [2.2.7| and Def. |1.2.5| we can construct the bundle 2J(M, Ai) generated by the 
couple (M, Ai). In the following result I will construct a (9, £) —structure and describe 
a large subclass of r^°° (p). 

Theorem 2.2.8. Let us assume the notations and hypotheses of Lemma \2.2.7\ let 23 
be the trivial Banach bundle with constant stalk Z and set B = {By \ v & Ch (X, Z)}. 
Then 

(1) (93, 23(M, M.),X, Y) is a (O, Cf, (X, Z))— structure, moreover ifX is compact 
and Y is locally compact then it is compatible; 

(2) Let f e Yl^^x^x be such that sup^^^^^^^^xxK \\f {x){s)\\b{z) < oo for all 
K G CompiY) then (a) ^ (b) <^ (c) ^ (d), where 

(a) /Gr---(7rM); 

(b) iyX G Comp{Y))iyv G Cb (X, Z)) 

lim sup \\f{x){s)v{x) - f{xoo){s)v{x)\\ = 

(c) f : X Cc {Y, Bs{Z)) continuous at Xoo; 

(d) {\/K G Comp{Y)){yw G Z) 

lim sup \\f{x){s)w - f{xoo){s)w\\ = 0. 

Proof. By Rmk. [2231 and Lemma [I^ZT] we have that (5) of Def. [liU follows. 
r(7r) ~ Cb (X, Z) hence by Rmk. 13. 1.121 the others requests of Def. [ITllfollow. Thus 
the first sentence of statement (1). If X is compact by Lemma [2.2.71 and Rmk. 11.2.61 
follows that Ai — r(7rM), moreover by Rmk. 13.1.121 we have £{Q) = £ and finally 
£ = T(n) ~ Cb (X, Z). Hence the second sentence of statement (1) follows if we show 
that Mt • Cb (X, Z) C Cb (X, Z). To this end fix w G ^ (X, Z), F e M, s e Y and 
Kg a compact neighbourhood of s, which there exists by the hypothesis that Y is locally 
compact. Then we have for all x, Xq G X 

\\F{x){s)v{x) - F{xoo)is)v{xo)\\ < 

(2 2 8) 

CiF,K,)\\vix)-vixo)\\ + II -F(xo)(s))t;(xo)|| 

By considering that F G Cb{X,Cc{Y, Bs{Z))) and that s e Kg we have that 
lim^^^-o \\{F{x){s) - F{xo){s))v{xo)\\ = 0. Hence by we deduce that F^ • v 
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is continuous at xq, so continuous on X, in particular X being compact it is also 
II ■ 11^— bounded. Thus Fg • v e Ct, (X, Z) and the second sentence of the statement 
follows. 

Fix / e n.exM. such that (ViT G Comp(r))(sup(,,,)eXxX < oo). 

(a) (6) follows by Lemma [Z231 the fact that C r(7rM) by Rmk. |1.2.6[ and by 
: X 9 X t— > /(xoo) G Cc (F, Bs{Z))) E M, indeed H it is bounded and continuous 
being constant, moreover sup(^^^)g^xx ll^(a;)(s)||i?(z) = sup^g^ ||/(xoo)(s) ||b(z) < 
oo, for all K e Comp{Y). (b) (d) follows by the fact that {X 3 x w e Z) e 
Cb (X, Z), and (c) ^ (d) is trivial. For all K G Comp{Y), x G X and s e K 

\\{f{x){s) - f{x^){s))v{x)\\ < 

\\f{x){s)v{x) - fiXoo)is)v{Xoo)\\ + \\fiXco)is)v{Xoo) - f {Xoo)is)v{x)\\ < 

\\f{x){s){v{x) - v{x^m + \\{f{x){s) - f{x^){s))v{x^)\\ + \\f{x^){s){v{x^) - v{xm < 
i\\fix)is)\\ + ||/(x^)(s)||) Mx^) - vix)\\ + ||(/(x)(.) - fix^)is))vix^)\\ < 
Cif,K)\\vix^) - vix)\\ + Uf{x){s) - fix^){s))v{x^)l 
where C{f, K) — ^'^V{x,s)exy.K- Hence (d) implies (6). D 

Definition 2.2.9. Let (2J, 22J,X, F) be a {Q , S) -structure, Yq c Y and V G 
rizex We say thatV is equicontinuous on Yq ijf{Wj G J) (3a > 0)(3 ji G J){\/z G 

x){yv, G e.) 

(2.2.9) sup Uj (y{z){t)vz) < aVniPz) 

While Vis e^MiconrinMOM^iffit is equicontinuous on F. Finally Vis pointwise equicon- 
tinuous iff it is equicontinuous on every point of Y and compactly equicontinuous iff it 
is equicontinuous on every compact of Y. Note that in case 5J is trivial with costant stalk 
E then V is equicontinuous on Yq if and only if it is equicontinuous in the standard sense 
the following set of maps {Vo(z)(t) G C{E) \ {z,t) e X x Yq}, where Vo G {C{E)^)^ 
such that V{z) = (z, Vo{z)) for all z e X. 
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(2.2.11) 



Proposition 2.2.10. Let 9J be trivial with costant stalk E, e Bounded{E), Xc 
X and^ 

(SoCCt{X,E) 
(2.2. 10) < £q equicontinuous set at x^o 

{{{X3x^aeE) \ aeA^}(l8o. 
Moreover let (2J, 22J, X, Y) be a (6, £) —structure such that for all x & X 

m^ = C,{Y,CsS{^]xE)). 

and 

Q = {Bao] 
where Bao{x) = {x} x A^, then 

^ = {x} X AO,Vx e X 

m,C:^{x}xC,{Y,CAo{E)). 

in.6x27i. ^ n.ex{^} X c,(r,/:^o(E)) ^c,(r,/:^o(E))^. 

IfW is full and 

{X3x^ Tf{x) = (xj) em^lfe C,{y,Cao{e))} c r(p), 

then for all V e Ulex (1) (2) anJ (3) ^ (4), w/zere 

(1) V G r^'-(p) 

(2) VoGC(x,Ce(r,/:^o(E))), 

(3) V /5 compactly equicontinuous and V G F"^"" (p) 

(4) V /5 compactly equicontinuous and Vo G C (X, Cc (F, Cao{E))). 

Here in (2) — (4) we consider the isomorphism Ylxex — '^AoiE))^, and set 

Vo G Cc {Y,C AO {E)f such that V{x) = {x,Vo{x)) for all x G X. 

Proof. For all x G X by (ICTl) S^^^^ = {(x,t;o(x)) | G ^o,^^o(^) ^ 
so -B^^jj C Moreover by construction {X 3 x a E E) E Eq for all a G A^, 
thus -B^^g = v4°. Thus the first equality in (12.2.1 II) follows, the others are trivial. By 



^See IIGTI Def 1, §2.1, Ch. 10] for the definition of equicontinuous sets. 
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Proposition ll.2.1 11 

(2.2.12) (l)^limsup sup {(yoiz){t) - Vo{x^){t))vo{z)) = 0. 

Moreover by construction we deduce that {{X 3 x ^ a E E) \ a E A^} d Sq H i?^o, 
so (2) follows by (1) and (12.2.121) . Let vq e So then for all z G X and t G F 

(V(^)(t) - Vix^)it))voiz) = V{z){t){vo{z) - Vo{x^)) + 

(2.2.13) (V(^)(t) - Vix^)it))voix^) + Vix^mivoiz) - voix^)). 
Moreover by the hypothesis of equicontinuity at Xoo of the set Sq, for all j E J 

(2.2.14) lim sup z/j(fo(z) - Vo{xoo)) = 0. 

By (12.2. 131) and (12.2.91 ) for all j G J there exists ji G J and a > such that for all 

sup sup i^j{(yo{z)(t)-Vo{xoo)(t))vo{z))< 

t&K vq^Eq^Bj^o 

2a sup Uj^ {vo{z) - vo{xoo)) + 
voe£or\B^o 

(2.2.15) sup sup Uj (y{z){t) -V{Xoo)(t))vo{Xoo)■ 
t(^K vo^SonB^o 

Therefore by (12.2.151) . (12.2.141) and by (4) follows 

lim sup sup Uj ((Vo(^)(t) - Vo(xoo)(t))fo(^)) = 0. 

Hence (1) follows by (I2.2.12D . □ 

2.3. Main Claim 

The following is the preparatory definition for the first main structure of the paper. 

Definition 2.3.1 ( G'rap/i((23i, 2J2) )■ Let = {{(Ei,Ti) ,TTi,X,%)f^^ be a couple 
ofbunldes of Q— spaces and with the notations used in Remark \1.2.26\ let = 
(((£(E®),r(E®,£^®)) ,7rEe,X,n®) be the bundle direct sum of the family {^i}^^^ Then 
we say that (T, Xoo, is a graph section or (T, Xoo, G Graph ((5Ji, 5J2)) 

(1) TGn.exG'rapM(£0.x(g2)J; 

(2) Xoo G X; 
(3) 



$ C r"-(7rEe) 



46 



$ is a linear space such that 
Graph inclusion: (Vx G X)(V0 e $)(0(a;) G r(x)) 
Asymptotic Graph: 



(2.3.1) {0(xoo) I G $} = r(a; 



Definition 2.3.2 ( Pregraph{{^i, ^2) )■ Let = {{(Bi, n) , tt^, X, 0^^)^^^ a cou- 
ple ofbunldes of Vt-spaces and 0^=^ 23i = (((S(E®), r(E®, £^®)) , vte®, X, n®) 
bundle direct sum of the family Then we say that {Tq,Xoo, $) is a pregraph 

section or {%, x^, $) G Pregraph (QJi, Q32) ?f 

(1) Xoo G X; 

(2) To G n.ex-{..}G'™P^((^i). X (^2) J; 

(3) $ C r'^°=(7rE®) i'Mc/z ?/ia? $ a linear space and (Vx G X — {Xoo})(V0 G 

We shall see in Lemma 13.7.31 that it is possible to construct by any pregraph section 
(7o,Xoo,$) with suitable properties, a corresponding graph section {T,Xoq,^) such 
that T f (X — {xq}) = %, while T{xoo) is defined by (12.3.11) . To this end it is sufficient 
to show that T{x 00) G Graph{fBx^ x (B^^). 

Remark 2.3.3. Notice that the fundamental requirement that any (p E ^ is a selection 
continuous in Xoo implies that 

■{lim,^,^ 0(2;) I G $} = T(xoo) G Graphii(Ei)^^ x (iSs),^) 
with 

[z) G T{z) G GraphUe^)^ x (^2) J, Vz G X - {xoo}, 

which justify the name of asymptotic graph given to (12.3.11) . Moreover by setting X 3 
z I— > 0i(-2) = Pr^(0(z)) we /zave Zjj Corollary \1.2.27\ we have for all i = 1,2 

{lim,_^^ 0i(z) I G $} = Pr^°°(T(xoo))w/?/z 
(2) G T{z) G Grap/i((ei), x (^2) J, G X - {xoo}- 

Finally for i = 1,2 by Corollary U .2.27\ and Corollary \1. 2. 10\ we have (Ij) -vv- (2j) 
(Ij): (3 (T G r(7r)) (cr (xoo) = 0i(a^oo)) such that 

(VjG J)(Iim z/,(0,(^)-a(;2))=O); 



(2.3.2) 
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{la): (Vo- G r(7r) | a{xoo) = 4>i{xoo)) we have 

(VjG J)(lim z/,(0,(z)-a(^))=O). 

Definition 2.3.4 ( Class A (QJ, D, 9, S) ). Le? (2J, D, X, {pt}) a (6, ^) -structure 
and let us denote S) = ((?B, 7) , 17, X, £). T/zm^ G A (2J, D, 9, ^) 

(1) VI C Grap/i((5J,Q3)); 

(2) Projector Section associated to {T,Xoo,^)'' V(T, Xoo,$)g^ 



(2.3.3) 



i/ere T^. : C ^ is the map such that T{x) = GraphiT^), for all x G X. 

Claim 2.3.5 (MAIN). Under the assumptions in Definition \2.3.4\ possibly with 
(QJ, X), X, {pt}) invariant, find elements in the class 

A(QJ,S),e,£). 

2.4. Induction of Sections of Semigroups 

Definition 2.4.1 ( Induction of Sections of Semigroups ). Let 2IJ, X, R+) be a 
{Q,S) —structure such that {^x}xex is a family of sequentially complete Hies and 
ViCs^CE^)) C m^, where we set ^= ((g, r) , tt, X, D^I) andW= ((971, 7) , p, X, 9^). 
Then V e Aq (23, W, £, X, M+) if 

(1) n C Graph{{(B, €)); 

(2) Semigroup Section associated to (T, Xoo, 

v(r,xoo,<f) Gr] 



3W(T,.^,*)Gr--(p) 



5Mc/z that Vx G X 

(a) Wcr.xoo,*}!^) ^■^ equicontinuous {Cq)— semigroup on (£^; 

(b) (Vx G X)(T(x) = Graph{Rx)). 

Here Rx is the infinitesimal generator of the semigroup U(^t,x^,<5>){,x) G 

Claim 2.4.2 (S). Under the assumptions in Definition \2.4.1\ possibly with 
(23, 211, X, M+) compatible, find elements in the class 

Ae (23,2n,f,X, M+) . 
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Remark 2.4.3. Notice that V (T, Xoo, $) G ^2 there exists only one semigroup section 
associated to it. Moreover U(^r,xoc,,'S>) characterized by any of the equivalent conditions 
in Lemma [2.2.5\ with U = X and Y = M^. 

2.5. Induction of a Section of Semigroups - Projectors 

Definition 2.5.1 ( Induction of a Section of Semigroups - Projectors ). Let 23 = 

((€,r) ,7r,X,fn), S) = {{"B^-f) ,r],X,£) and W = ((971, 7) , p, X, IH). More- 
over let (23, 2n, X, ]R+) be a —structure such that {^x}xex is a family of se- 
quentially complete Hies and (23, 2), X, {pt}) be a {Q,S) —structure. Then \1/ G 
Ae (23,S),2n,^,X,R+)^/ 

(1) vl/ca^,;,r--(p); 

(2) (WU G \l/)(Vx G X) (U{x) is an equicontinuous {Cq)— semigroup on (S^); 

(3) Projector Section associated to U: 

(Vxoo G x)(vw G ^nr^-°°(p)) 



(2.5.1) 



Here is the infinitesimal generator of the semigroup U{x) G Cc Cs^^x)) for 
all X E X. 

Claim 2.5.2 (S-P). Under the assumptions in Definition \2.4.1\ possibly with 
(23, 223, X, M+) compatible and (23, 2), X, {pt}) invariant, find elements in the class 
Ae (23,2),2n,£,X, M+) . 

Claims [2.4.21 and |2. 5. 2| can be used to solve the Main claim |233] indeed 

Proposition 2.5.3. Let 23 = ((e,r) ,7r,X,Dl), D = ((23,7) ,r/,X,£) and 
2n = ((271,7) ,p,X, 91). Moreover let (23,2n,X,M+) be a {Q, £) -structure such 
that {^x}xex is a family of sequentially complete Hies and (23, S), X, {pt}) be a 
{Q,S) —structure. Assume that 

(1) neneAe (23,2n,f,X,M+); 

(2) ^ G Ae (23, S), W, S, X, R+); 

and 




(2.5.2) 



(V(T,a;oo,$) G^])(^r,x^,$) Gvl/). 
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Then 

i.e. Q satisfies the Main claim \27375\ Moreover 

(V(T,Xoo, $) G fi) (3P G T^-{r])) {3UE T^-{p)) 

(1) U{x) is an equicontinuous {Cq)— semigroup on fBr^, for all x G X; 

(2) (Vx G X) (Vix) G Pr(S,.)).- 

(3) (Vx G X){T{x) = Graph{R^)); 

(4) Vx G X 

V{x)R^ C i?,P(x). 

//ere is the infinitesimal generator of the semigroup U{x) G Cc (M^, CsS^x)), for 
all X G X. 
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CHAPTER 3 



Semigroup Approximation Theorems 



3.1. General Approximation Theorem I 



Notations 3.1.1. For any 2J = (((2, r) ,7r,X, 9^) bunlde of VL— spaces and any 
{%, Xoo, G Pregraph 23)), set Xq = X — {xqo}, and for any </) G $ 0j(x) = 
Prf (0(x)) /or all X & X and i = 1,2. Moreover let us denote by the operator in fBx 
such that Graph{Tx) = %{x), for all x G Xq, while T G Ilxex Graph{(Bx x fBx) so 
that 



Finally for any map F : A ^ B set Tl{F) = F{A) the range of F. 

Remark 3.1.2. Lef2J= r) , tt, X, ^Tt) be a bunlde of VL— spaces and (7^,Xoo,$) G 
Pregraph ((QJ, 5J)). By Corollary \L2?27\ \/ d G $ 



Lemma 3.1.3. Let 23 = (((£, r) , vr, X, ^Tt) be a bundle of VL— spaces, where = 
{pj I i G J}. Moreover (7^, Xoo,$) G Pregraph {{'tS,^)). If for all x G Xq, 
G Dom{Tx), A > anJ j G J we /zave ^'^((A — T^)fa-) > Az/j(f^.) anJ D(T,j.^) 
is dense in S,,. , f/zen 



T\X- {x^} = To 

T(Xoo) = {^(Xoo) I G $} 



/r addition set 



DiTxJ = Pr(r(xoo)) = {0i(xoo) I G 



(3.1.1) 




(r,Xoo,$) G Grap/i((23,23)). 



Moreover the following 



(3.1.2) 
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is a well-defined linear operator in fBx^ such that Graph{Tx^) = T{xoo) andWvx^ G 
Dom{Tx^), VA > andWj E J we have 

Proof. Clearly T{xoo) G Graph{<Bx^ x <tx^) if and only if 0i(soo) = 0^^ implies 
4>2{xoo) = Oa;^, V0 G moreover denoting by Tx^ the corresponding operator we 
have that Tx^ : D(Tx^) — > is a linear operator. Any real map F defined on a 
topological space is l.s.c. at a point iff —F is u.s.c. at the same point, see flGTi §6.2. 
Ch.4], thus by [|GTl Prop. 3 §6.2. Ch.4] and [|GT1 (13),§5.6. Ch.4] F : X ^ M is 
u.s.c. in a G X iff lim^^a = F{a). Moreover by flGTl §6.2. Ch.4] we know that 
F : X ^ R is l.s.c. at a iff F is continuous at a providing R with the following topology 
{0, [— oo, oo], ]a, oo[| a G R}. Thus for any map a : Y X continuous at b such that 
a{b) = a we have that F o cr is l.s.c. at a. Hence because (— F) o cr = — (F o cr) we can 
state that if F : X — > R is u.s.c. at a then for any map a : Y X continuous at b such 
that a(b) = a we have that F o cr is u.s.c. at a. Therefore by using nCiei 1.6. (ii)] we 
have Vcr G V'^ (vr) and Vj G J 

(3.1.3) Uj{a{xoo)) = lim Uj{a{x)). 

Let ^ G $ such that ^i(xoo) = 0^^.^ thus V0 G $, VA > 0, Vx G Xq and Vj G J we 
have by (l3T3l) and (l3TT]) 

((A - T,)(0i(x) + A^i(a;))) > 

X *Xco 

(3.1.4) lim \vj (0i(x) + A?/'i(a;))) = Az/j(0i(a;oo)), 

where, the inequality comes by HGTl Prop. 11 §5.6. Ch.4]) and by the hypothe- 
sis z/j ((A - Tx)[(\)\{x) + \i}x{x))) > Xuj {{(f)i{x) + Xtpiix))) for all x G Xq. Now 
\imx^Qov/X = Ox^ for any v G (Bx^, hence by the fact that z/J°° = uj \ €x^ is a 
continuous seminorm and by (13.1.41) (Vj G J) (V</) G $) 
(3.1.5) 

A— +CXD A 

By hypothesis D{Tx^) = {0i(xoo) | G T(xoo)} is dense in (Ex^ thus ^'j(V'2(a;oo)) = 
for all j G J. Indeed let j E J and f G (B^oo thus 3{0"}Q,gD net in $ such that 
HmaeD 01 (xoo) = f in (£3.^. So by the continuity of and by (13.1.51) we have Vf G 
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{V - i>2iXoo)) = lim Uj (01 (Xoo) - ll>2iXoo)) > Hm Uj (0^(Xoo))) = i^jiv). 



True in particular for v = 3V^2(a;oo), which implies Vj {i>2{xoo)) = 0. Hence ^2(3^00) = 
Oa;^ because of (E^^ is a Hausdorff Ics for which {z/J°°}jgj is a generating set of semi- 
norms of its topology. Thus T^^ is a well-defined (necessarly linear) operator in <tx^ 
and consequently (T,Xoo, $) G Graph ((5J,23)). Finally (Vj G J)(V0 G $)(VA > 0) 

Z/j((A -T,.^)0l(Xoo)) = 

z^j(A0i(xoo) - 02(a;oo)) = by (IBTT]) . (13X31) 
lE^ i/j(A0i(x) - 02 (x)) = by (13X11) 

Ih^ - Tx)<pi{x)) > by hypoth. and HGTl Prop. 11 §5.6. Ch.4]) 

X *^oo 

lim z/j(A0i(a;)) = z/j(A0i(xoo)). 

□ 

Lemma 3.1.4. In addition to the hypotheses and notations of Lemma 13. i . 31 assume that 

(Vx G Xo)(VA G R)(Vj G J)(Vf^ G DomiT^)) 

(3.1.6) ^^,((1 - AT,.)^;J > 
r/jM5 (VA G M)(Vj G J)(V^;,^ G DomiT^J) 

(3.1.7) z/,((l-AT.^)t;.^)>z/,K^). 
Moreover VA G M 

3 (1 - e /:(7^(l - XT^j, s,, 

^ (Vu; G 7^(l - AT,.^))(Vj G J)z.,((l - AT,.^)-iti;) < u^{w). 

Finally 

(3.1.9) 7^(1 — ATj.^) is closed in €3 



(3.1.8) 
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Proof. (Vj e J)(V0 e $)(VA e M) 

Z/j-((l - AT^^)0i(Xoo)) = 

i^.iM^oo) - ^M^oo)) = by (I3TT]) . (I3T31) 
lEK UjiM^) - A02(a;)) = by (ISTTl) 

lEK z/j((l - AT^)0i(x)) > by (I3T61) and jGTl Prop. 11 §5.6. Ch.4]) 

lim z/j(</)i(x)) = z^j(0i(a;oo))- 

thus (l3T7l) follows. Let A G M, by (l3T7]) we obtain (l3T8l) . indeed V/, g E Dom{T^^) 
such that (1 - \T.,Jf = (1 - AT,,^)(7 we have Vj G J 

so f = g because of by construction (B^^ is Hausdorff. Thus the following is a well-set 
map 

(1 - XT^J-' : 7^(l - AT,^) 9 (1 - AT,.^)/ ^ / G e.^, 

moreover by (13.1.71) we obtain the second sentence of (13.1.81 ). hence the first one follows 
by the fact that the inverse map of any linear operator is linear. By (|3.1.8I) . [|GT[ Prop. 3 
§3.1. Ch.3] and (GTl Prop. 11 §3.6. Ch.2] we deduce that 

(3.1.10) (3 ! 5 G £ (W^'Xr^J, €,^)){B \ 7^(l - \T,J = (1 - \T,J~^). 

Let w G TZil — \Tx^) thus 3 {/a}aeD net in Dom{Tx^) such that 

(3.1.11) w; = lini(l-Ar,^)/„, 
therefore by (13.1.101) 

(3.1.12) 5w;=lim/„, 
while by (13.1. Ill) and (13.1.121) 

w-Bw= lim ((/c, - XT^^fa) - fa) 
= lim -Ar^^/„. 

So 

(3.1.13) Bw -w = lim XT^^f^. 
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By (I3.1.12L (13.1.131) and the fact that AT^^ is closed, we obtain 

Bw G Dom{T^^), 
XT^^{Bw) = Bw -w, 

which means w = {1 - \T^^)Bw, so w e TZ{1 - XT^^) and (13.1.91) follows. 



□ 



Lemma 3.1.5. Let us assume the hypotheses ofLemma \3.1.4\ moreover let A G M — {0}, 
{Ari}„gN C M — {0} such that lim„gN A„ = A. Thus 

f|7^(l-A.T,.^)c7^(l-A^.^). 

Proof. Set only in this proof T = T,.^. Let G N, by (l3T8l) 3(1- A„T)~i : 
7^(1 — A„T^.^) — > Dom{t) moreover 

1-AT = A(A-i-T), 

:i-A„r)-i = A-i(A;i-r)-i. 



Let (7Gn„6N^(l-^nT,^) thus 



A 



(1 - AT)(1 - A„T)-i^? - g = -(A-i - T)(A;i - T^g - g 

= f (A-^(A;^ - T)-'g - X-\X~' - T)-'g) 

An 

= f (A-^-A-^)(A„-i-T)-i^, 

where in the second equality we considered that — T(A~^ — T)~^g — g = — A~^(A~^ — 
T)-^g obtained by (A,-i - T){X~^ - T)~^g = g. Thus Vj G J by (l3X8l) 

A 



iy^{{l~XT){l-X^T)-'g-g) < 



Xr, 



X-' - X-'\u,ig). 



But lim„gN I A 



A: 



1 and lim„gi^ I A ^ 



so 



z/j ((1 - AT)(1 - XnT)-^g -g) = 0, for all j G J. Therefore 

lim(l-AT)(l-AnT)-i(7 = 

neN 

and the statement follows by (13.1.91) . □ 

Lemma 3.1.6. Under the hypotheses and notations of Lemma \3.1.3\ we have that 1 — 
XT^^ is a closed operator 
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Proof. Let (a, 6) G Graph{l — XT^^) closure in the space x '^x^ with the 
product topology. Thus (Ve > 0)(Vj G J){^V(^e,j) e Dom{T^^)) 

(1 - AT,.^)%j)) < |, 
so 

- a) + AT^^%j)) < - (1 - AT,^)%j)) + Vj{a - < e. 

Therefore (Ve > 0)(Vj G J)(3t;(ej) G Dom{T^J) 

z/j ((6 - a) - (-AT^^W(ej))) , 

which means (a, {b — a)) G Graph{—XTx^). Moreover — AT^.^ is a closed operator 
thus b — a = —XTx^a or equivalently (a, 6) G Graph(l — XT^^). □ 

Remark 3.1.7. By (|3.1.1I) we /zave V0 G $ ?/zaf 0i(a;oo) = lim^^^^ 0i (2;) anJ 
hi^oo) = lim^^^^ (j)2{z) = lim^^^^ T^(pi{z), hence 

Definition 3.1.8. Le? A g R+ set 

/XA:Ce.(R+,M) 3f^[ e-'^f{s)ds, 

Jr+ 

where the integral is with respect to the Lebesgue measure on R"*". 

Definition 3.1.9. Let W = {{M,-^) , p,X,m) and (QJ,2n,X,M+) be a 
{Q,S) —structure such that for all x E X 

(3.1.14) C p|£i(M+,/:5^(€,);/iA), 

A>0 

about Sx and €x see Definition \2.2.2\ Let a; G X, (9 C r(p). and T) C r(7r). By 
recalling Def. \LL1\ we say that (QJ, 2U, X, IR+) has the Laplace duality property on O 
and V at x, shortly LDa;((9, V) if 

(VA>o)(i:(r^(p)),.r^(7r)cr-(7r)). 
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Moreover we say that (03, 211, X, IR+) has the full Laplace duality property on O and V, 
shortly LB {0,V) if 

(VA>0)(£(O)A«I^cr(7r)). 

Finally LD is for LD(r(p), r(7r)). Here £ : H^ex ^ Uxex ^sA^x)^^ such that 
(Vx G X)(VA G R+) 



£(F)(x)(A)=/ e-^^F(x)(s)rfs, 



where we recall that the integration is with respect to the Lebesgue measure on and 
with respect to the let on i^x)- Finally we used the notations in Def \l.l.l\ 

Remark 3.1.10. Under the notations and assumptions ofDef. \3.1.9\ we have 

£(r^(p)) c tUp) 



53, 2n, X, M+) has the LD^.(C, V). 

(w>o)(r^^(p),.r^(7r)cr-'(vr)) 

Similarly 

'£(C)CO , ^ ^ 

^ ^~ ^ (^,m},X,R+)hastheLB{0,V). 

{\ft>0){Ot»V CT{7i)) 
A useful property is the following one 

Proposition 3.1.11. Let (53, 2n,X,R+) be a {<d,S) -structure satisfying (13.1.141) . 

Xoo G X. Set S, = {Bf \ I e L}, then \fz G X, VG G £i(R+, £5.(2.); /"a) and 
V«;.GU,^5f 

(POO \ POO 

J e-^'G{s)ds\w, = J e~^'G{s)w,ds. 

Here in the second member the integration is with respect to the let on (Ez, while in the 
first member the integration is with respect to the let on CsS'^x)- 

Proof. Let 2; g X and v G UieL^f = *en map Cs^^z) 3 A ^ Av e 
<£z is linear and continuous. Indeed let /(f) G L such that v G thus we have 

iyj{Av) < sup^g^z ^ Uj{Aw) = pji^,^-^{A). Hence by a well-known result in vector 
valued integration we have (I3.1.15h . □ 
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Remark 3.1.12. Let 5J = r) , vr, X, 91) be a bundle of Q-spaces and 8 C 
n^gx Set for all v G Hajex 



(3.1.16) 



Thus 6 C rixGX Bounded{(Bcc) andWv G £^ 

(3.1.17) ^nfi^ = {i;}. 

Therefore for all v E S, and for all x E X with the notations ofDef. \2.2.2\ 

Sx = {{w{x)} \we£}, 
[S{Q)=S. 

Definition 3.1.13. Let^ = ((€, r) , vr, X, || ■ \\) be a Banach bundle. Letx^o e X and 
Uq G C (]R+, -Bs(Sx)) ■^Mc/z thatUo{x) is a (Co)— semigroup of contractions 

(respectively of isometries) on (Bx for all x G Xq. Moreover let us denote by the 
infinitesimal generator of the semigroup Uo{x) for any x E Xq and set 

%{x) = GraphiTx), x G Xq 
$ = {0 G r--(7rEe) I (Vx G Xo)(0(a;) G %ix))} 

S = {ve r(7r) 1(30 G $)(t;(Xoo) = 0l(Xoo))} 

[e = {B^\we£}, 
, t(E® , , tte® , X, n®) Z5 the bundle direct sum of the family 03}. 



(3.1.18) 



The following is a direct generalization of the definition given in UKuri Lm. 2.11] 

Definition 3.1.14. Let 53 = (((£,r) ,7r,X, Dl) be a bundle of Vt-spaces, where 
^ ^ {'^i I i ^ J}- Moreover let Y be a topological space, sq E Y, f E Ylxex 
{zn}nem C X. Then we say that {f{zn)}nm is bounded z/sup(„^^)gpjxy ^jifi^n){s)) < 
oo for all j G J. {f{zn)}nm is equicontinuous at sq if for all j E J and for 
all e > there exists a neighbourhood U of sq such that for all s G U we 
have sup„gp^z/j(/(2;„)(s) - /(z„)(so)) < £■ Finally {f{zn)}nm is equicontinuous if 
{f{Zn)}neN is cquicontinuous at sfor every s eY. 
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Proposition 3.1.15. Let us assume the notations of Def. \3.1.13\ and that QJ is full. 
Thus {v{xoo) \ v e €} = {0i(xoo) I G $}. 

Proof. By definition follows the inclusion C. 5J being full we have (V0 G $) (3 w G 

T{n)){v{xoo) = (piixc^)). Thus (V</) G ^)i3v G £){v{x^) = (f)i{xoc)) hence the 
inclusion D. □ 

Theorem 3.1.16 (MAINl). Let 5J = ((€, r) ,n,X, \\ ■ ||) be a Banach bundle. Let 
Xoo G X andUo G HaeXo ^ (^^' ^si^x)) be such thatUo{x) is a (Cq)— semigroup of 
contractions (respectively of isometries) on for all x G Xq. 

If D(Tx^) is dense in and 3\q > (respectively 3Ao > 0, Ai < 0) such that 
the range 7l{\o — T^^) is dense in £3,^, (respectively the ranges 1Z{\q — T^^) and 
7?.(Ai — Tx^) are dense in ^x^), then 

(T, Xoo, G Graph (5J, 23) , 

and in (13.1.21 ) is the generator of a Cq— semigroup of contractions (respectively of 
isometries) on <^xoo- 

Moreover assume that {v{x) \ v G 8} is dense in iBx for all x G Xq, by tak- 
ing the notations in (|3. 1.181) . let 233 = ( (OJl, 7) , p, X, and (23, 233, X, M+) be a 
{&, S) —structure^ such that (|3. 1.141) holds. Assume \J\\.\\g^^^^{Cs^{^z)) ^ (re- 
spectively \Jis{Cs^{^z)) ^ 'tJRz) for all z G X § anJ f/zaf f/zere ex/*?* F G r(p) such that 
F{xod) = U{,Xoo) and 

i: (23, 2n, X, M+) /za* LD^^ ({F}, or /za* the LD({F}, £); 
ii: (Vt; G £^)(3 G $) 5.?. 0i(xoo) = ^(xoo) (^nJ (V{2;„}„gN C X | lim„gN^n = 
Xoo) we have that {lA{zn){-)<t>i{zn) — F(zn)(-)v{zn)}nm a bounded equicon- 
tinuous sequence; 
iii: X is metrizable. 
Then i^v G £)iyK G Compact(W^)) 



(3.1.19) 



and 



lim sup \\U{z){s)v{z) - F(2)(s)t;(2)|| = 0, 



(3.1.20) WGr^°°(p). 



^ Well set indeed by Prop. 13.1.151 the density assumptions and Rem. I3.1.12l we have that 5*:^ is dense in 
(Bx foraU x e X. 

2 See Proposition[332]for models of M satisfying ( 13.1.141 ) and \J\\.i\^^^^^{Cs, ((£^)) C M^. 

59 



In particular 

(3.1.21) {(T, xoo, $ )} G Ae (23, SB, ^, X, M+) . 

//ere T anJ D {T^^ ) are defined as in Notations \3.1.1\ with Tq and $ given in (13.1.181) . 
while U E Ylxex ■^"'-^ ^^'^^ ^ f -^o 4= and U{xoo) is the semigroup on (Bx^ 
generated by T^^. 

Proof. By Lemma [3T31 [iKurl Lms.(2.8) - (2.9)], and the Hille-Yosida theorem, 
see UKurl Th.(1.2)], we have the first sentence of the statement for the case of semigroup 
of contractions. By HBRl Corollary 3.1.19.] applied to T^, for any x E Xq, and by (|3.1.7I) 
we have (VA e M)(Vv^^ e Dam{T^J) 

(3.1.22) ll(l-AT.^)t;.^)IU^ > h.JU^. 

Hence by HBRi Corollary 3.1.19.], T^^ will be a generator of a strongly continuous 
semigroup of isometrics if we show that VA G M — {0} 

(3.1.23) 7^(l-AT,,^) = e.^. 
Let us set 

Po{TxJ = {A G M - {0} I 7^(l - AT) = S J. 

By dm PoiTxJ = piT^J n (R - {0}), where p{T,J is the resolvent set of T,. By 
IIDSi Lemma 7.3.2] p{Tx^) is open in C so po{Tx^) is open in R — {0} with respect to 
the topology on R — {0} induced by that on C. By Lemma [3.1.5l we deduce that po {T^^ ) 
is also closed in R - {0}, therefore poiT^^) = R - {0} and (|3. 1.231) follows as well that 

is a generator of a strongly continuous semigroup of isometrics. 
Now we shall apply Lemma [2.2.5| in order to show the remaining part of the statement. 
By the Dupre' Thm., see for example UKurj Cor. 2.10], and the fact that a metrizable 
space is completely regular, we deduce by hyp. {iii) that 23 is full. Let v E She fixed 
then by (I3.1.18D . (3 G ^){v{x^) = M^oo)) thus by (I3TT]) and CoroUarv [TXTOl 

(3.1.24) lim ||t;(z) -0i(z)|| =0. 
Now let F eT(p) of which in hypothesis so in particular 

(3.1.25) F(xoo) =W(xoo), 
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moreover Vs G M+ and z G X 

\mz){s)v{z) - F{z){s)v{z)\\ < 
\\U{z){s)v{z)-U{z){s)M^)\\ + mz){s)M^) - F{z){s)v{z)\\ < 
(3.1.26) ||^;(^) - M^)\\ + - F{z){s)v{z)\\. 

For any A > let us set 

thus G Dom{Tx^) hence by Remark [3 .1.7 1 and the construction of T^^ 3ip'^ E ^ 
such that 



(3.1.27) 



aL = ^1 (a^oo) = lim^exoo V^i (^) 
By (13. 1.151) and (13. 1.171) for all ^ G X and for all w, G U^e£ ^(^) 



OO \ POO 

TTi/^A/nN J„ \ „., / „ — As ; 



(3.1.28) e-^'F{z){s)dsjw, = J e~^' F{z){s)w, ds. 

Moreover by the fact that 5J is full we have that for all G $ there exists av G r(7r) 
such that v{xoo) = 0i(xoo), thus by construction of £ 

(3.1.29) (V0 G ^){3v G S){v{x^) = 0i(xoo)). 
Hence by (13.1.281) . (13.1.291) and (13.1.251) for all G $ 

/ POO \ /"OO 

(3.1.30) / e-^'F{xoo)is)ds]Mxoo)= ^'U {x ^) (s) oo) ds. 



Now set 

thus by hypothesis (i) we have for all A > 

(3.1.31) ^(.)(A)^(.)er°°(7r). 
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Moreover 



Xq 



(3.1.32) 



e-^'U{xoo){s)Mxoo) ds by (13. 1.301) 

= (A - T,^)-Vi(^oo) by M (1.3)] 
= = V-i (^oo) by(|3T27l). 



By the fact that 5J is full, by (13.1.311) . the fact that G T^- (tt) by (irTTl) . by (13.1.32ft 
and by Corollary 1 1 .2 . 1 21 we have VA > 



(3.1.33) lim U^{z)-az){X)v{zm 

Now (VA > 0)(Vz e X) set 

w\z) = {\l-T,)i,^iz), 

thus 

-As 



0. 



e-^' {U{z){s)Mz) - F{z){s)v{z)) ds 



e-^'U{z){s){<pi{z) - w\z)) ds 



+ 



-As 



{U{z){ 



s]w^(z 



F{z){s)v{z)) ds 



< 



< 



-\\M^)-w\z)\\ + \\ij',{z)-az){X)v{z) 



(3.1.34) 

Here we consider that by hypothesis and by the first part of the statemet \\V({z) \\ < 1 for 
all 2; G X, moreover we applied the Hille-Yosida formula flKuri (1.3)]. Now 

(3.1.35) \\M^)-w\z)\\ = 

\\M^)-{X1-T,)^',{z)\\ < 
WMz) - v{z)\\ + \\v{z) - Xaz){X)v{z) + Xa^){XMz) - (Al - T,)^^{z)\\ < 
\\M^)-viz)\\+X\\az)iX)viz)-^^iz)\\ + Wn^^iz) - iXaz)iX)viz)-vizm. 



Bv (l3T271) r.^^<i 



Tx^aL moreover 



(3.1.36) 



= -(A - T,.^)(A - T^J-'M^oo) + Xgl 

= Xg^ - 0l(Xoo) = A^(Xoo)(A)f (Xoo) - v{xoo), 
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where in the last equality we used (|3.1.32l) and the construction of 0. By (|3.1.27l) we have 
that {X3 T,^i{z)) e r^°°(7r), hence by (I3.1.36L the fact that X^{-){\)v{-) -v E 
r^-(7r) by (I3.1.31I) . we deduce by the fact that 2J is full and by Corollary [OIIl that 

VA > 



(3.1.37) lim \\T,^^{z) - (A^(z)(A)t;(^) - v{z) 

Therefore by (I3.1.35I) . (13.1.241) . (13. 1.331) and (13.1.371) 



0. 



lim 



h{z)-w\z) 



0. 



By this one along with (13.1.331) we can state by using (13.1.341) that VA > 



lim 

Z — ^Xoo 



-As 



{U{z){s)Mz)-F{z){s)v{z)) ds 



Therefore VA > and (V{z„}„eN C X \ lim„gN z„ 



Xr 



(3.1.38) 



lim 

neN 



-As 



(U{Zn){s)(t>i{Zn) - F{Zn){s)v{Zn)) ds 



By (13.1.381) . hypothesis {ii) and flKurl Lemma (2.11)] we have (i{zn} 
limn^fiZn = Xoo) and V-ft^ G Compact {R'^) 



neN 



C X 



lim sup ||W(z„)(s)0i(z„) - F{z){s)v{z„ 



0. 



Therefore by hypothesis (iii) and (GTl Prop.lO, §2.6, Ch. 9], \/K e Compact(R-^) 

(3.1.39) lim sup ||W(z)(s)0i(2) - F{z){s)v{z)\\ = 0. 

In conclusion by (13.1.391) . (13.1.241) and (13.1.261) we obtain ViT G Compact(]R+) 

(3.1.40) lim sup \\U{z){s)v{z) - F{z){s)v{z)\\ = 0, 

hence (13.1.191) . By (13.1.171) and (13.1.401) we obtain (l2T6l) . Thus (13.1.201) and (13.1.211) 
follow by Lemma [2".2.5[ by (13.1.171) and by the following one G Compact and 

sup sup ||Z//(2)(s)f (2;)|| < sup < oo. 

zeX s€K zeX 

where we considered that by construction ||W(z)(s)|| < 1, for all s G M+ and z E X 
and that G r(7r). □ 



Remark 3.1.17. If Wis full {3F e T{p)){F{xoo) = U{x^)), so hypotheses reduce. 
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3.2. Corollary I.Constructions of Equicontinuous sequence 

As the first corollary we give conditions in order to satisfy the bounded equicontinuity 
of which in hypothesis (ii). 

Corollary 3.2.1. Let us assume the hypotheses of Theorem \3.1.16\ except (ii) re- 
placed by the following one 

b 

such that F{xoo) = U{xoo) andWs > 

(Vsi > 0)(3a > 0)(sup„,[,^,,] sup,,^ \\Giz)iu)\\ < a\s - s,\) 
(Vz e = Hiz) + /; Giz)iu) du), 

where the integration is with respect to the Lebesgue measure on [0, s] and with respect 
to the let on CsX'^z)- Then holds the statement of Theorem \3.1.1^ 

Proof. Let v e S thus (3 g $)(f(xoo) = (piixoo)) so (V{z„}„gN C X \ 
lim„eN Zn = Xoo) we have 

sup sup \\U{Zn){s)(f)i{Zn) - F (Zn) is)v{Zn)\\ < SUp ||0l(2n)|| + M SUp ||f (2„)|| < OO. 
nGN s>0 neN neN 

Here in the first inequality we used ||W(2;)(s)|| < 1 for all 2; G X and s > 
by construction, and M = sup^gx sup5>o II -^(-^) (■5) II < 00 by hypothesis, while in 
the second inequality we used the fact that v G Ilxex construction and that 

sup„gj^ II < 00 because of 3 lim„gN ||0i(-2n)|| G M by Remark [3X7] and by con- 

struction II • II is u.s.c. Moreover by UKuri (1.4)], (|3.2.1I) and Sx = {{w{x)} \ w E £} 
for all X G X we have 



l{{Zn){s)(f)i{Zn) - F{Zn)is)v{Zn) = / {U{Zn){u)T^^(t)i{Zn) - G{Zn){u)v{Zn)) du+ 

Jo 

+ (pliZn) - H(Zn)v(Zn). 
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Thus for any si, S2 G M"*" 

sup \\(U{Zn)iSi)(l)i{Zn) - (si)f (z„)) - (Sa) 01 (^n) - F{Zn)is2)v{Zn))\\ < 



Here in the second inequality we used \\U{z){u) || < 1 by construction and the hypothe- 
sis, in the third one the fact that sup„gf^ \\Tz,^(t)i{zn) || < oo as well sup„gf^ ll'^(-2n) || < oo. 
because of 3 lim„gN ||T2,^0i(-2n) || ^ K and 3 lim„gN ||f (2;„)|| G M due to the fact that 
II ■ II is u.s.c. by construction and Remark [3.1.7l for the first limit and the continuity of v 
for the second one. Therefore hypothesis (ii) of Theorem 13 . 1 . 1 6l is satisfied, hence the 
statement follows by Theorem [3 .1.161 □ 

3.3. Corollaries II. Construction of (QJ, 2n, X, R+) with the LD 

Let us start with the following simple result about the relation among full and Laplace 
duality property. 

Proposition 3.3.1. Let W = ((9}t,7) ,p,X,fH) and (5J,2U,X,M+) be a 
{Q,S) —structure such that 23 is a Banach bundle and Xqo G X. Assume that 

(1) 'lO and W are full; 

(2) £ = T{tc) and 6 is given in (I3.1.16I) ." 

(3) (VF G r--(p))(M(F) = sup,g^sup,gR+ \\F{x){s)\\ < oo); 

(4) (Va G r(/)))(sup^g;f sup,gK+ < oo)-" 

(5) X is metrizable. 

If (5J, W, X, R+) has the LD then it has the LD^,^. 

Proof. Let F G V°^{p) and w G T^°°{'k) thus by hypothesis (2) and Corollary 
II. 2. 101 there exist a G r(p) and v G r(7r) such that o-{xoq) = F(xoo), v{x^) = w{xoo), 
and VfsT G Comp{R+), \/v e £ 



Si-S2|sup sup \\U{Zn){u)T:,^(pi{Zn) - G{Zn){u)v{Zn)\\ < 



Si - S2I sup(||T;,„</)i(z„)|| - a||t;(2;„)||) < J\si - S2 



(3.3.1) 




0. 
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Moreover VA > 



e^'F{z){s)w{z)ds- I e^'(r{z){s)v{z)ds 



e^'F{z){s){w{z) -v{z))ds 



+ 


I 







e^'{F{z){s) -a{z){s))v{z) ds 



< 



< 



(3.3.2) jM{F)\\v{z) - w{z)\\ + e'^ - a{z){s))v{z)\\ ds. 

By the hypotheses (3 — 4) sup^gx supggiR+ \\{F{z){s) — a{z){s))v{z)\\ < oo hence 
V{2n}neN C X such that lim„gN Zn = Xoo we have by (|3.3.1I) . (13.3.21) and a well-known 
theorem on convergence of sequences of integrals that VA > 



lim 

neN 



e^'F{zn)is)w{zr,)ds - / e^'a{zr,){s)v{zn)ds 



0. 



Thus VA > by hypothesis (5) 



lim 



e^'F{z){s)w{z)ds- / e^'a{z){s)v{z)ds 



hence the statement by Corollary 11.2.101 



□ 



Now we shall see that in the case of a bundle of normed space we can choose for all x a 
simple space 971^. satisfying (13.1.141) . 

Proposition 3.3.2. Let W = ((971,7) and (2J,2rr,X,M+) be a 

(9, £) —structure such that for all x G X, is a reflexive Banach space, Sx C Pa;(Sx) 
and 



371. C |FgC,(M+,£5.(Sx)) I (VA>0) ^^e-"^||F(s)b(^^)rfs<oo 
Thus 

(3.3.3) 971. C fl £i(M+, CsS'^x); fix)- 

A>0 

In particular (|3.3.3|) . and ^w-Wg^^^^ {'C.s^ i^x)) ^ hold if for any x E X 

971, = (f e {R+,Cs^{(Bx)) I sup ||F(s)||b(£.) < ool . 
I sm+ ) 

Proof. The first sentence follows by [Sil, Corollary 2.6.], while the second sentence 
comes by the first one. □ 

3.3.1. U— Spaces. 
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Notations 3.3.3. First of all recall that for any W, Z topological vector spaces over 
K G {M, C} we denote by C{W, Z) the K.— linear space of all continuous linear map on 
W and with values in Z and set C{Z) = C{Z, Z) and Z* = C{Z, K). In this section we 
assume fixed the following data: 

(1) a set X, a locally compact space Y and a Radon measure /i on Y; 

(2) a family {(B^jxex of Hies; 

(3) a family {Tx}xex such that {C{(Bx), t^) G Hies, Vx G X; 

(4) a family {^x}x€X such that =f {^j^ I jx ^ Jx} is a fundamental set of 
seminorms on (Bx, Vx G X; 

(5) a family {Qx}xex such that Qx == {Qa^ \ ax G Ax} is a fundamental set of 
seminorms on {C{(Bx), Tx), Vx G X; 

(6) {H, T) G Hies such that 

• 7i C Hiex CIS linear spaces; 

• «x (Sx) C H, for all X G X; 

• PtxE C {{n, T) , (Bx) and ix e C {(Ex, {H, "Z)), for all x G X; 

• 3 ^ C n^ex ^{'^x) linear space such that 

(a) e{A) \ncc{{n,i)), 

(b) ixiC{(Ex)) C A for all X G X. 
Here 9 is defined in Def. 13.3.91 

For any Z G Hies we denote by £i {Y, Z, fi) the linear space of all maps on Y and 
with values in Z which are essentially ^—integrable in the sense described in HINTj Ch. 
6]. While Ccs {Y, Z) denotes the linear space of all continuous maps f : Y Z with 
compact support. Moreover for any family {Zx}xex of linear spaces and for all x G X 
set Fix : riyex ^ f ^ /(^) ^ and ix : Zx ^ ^y&x ■^"^^ that for all x ^ y 
and Zx G Zx Pr^ oix{zx) = Oy, while Pr^ oi^ = Idx- 
Finally we set 

(-, ■) : End{n) xn3{A,v)^ A{v) G H, 

and for all x E X 

(-, : End {(Ex) x ^x 3 (A, v) ^ A{v) G (Ex- 

Definition 3.3.4. Let SU = {{Tl, 7) , p, X, 9^) be a bundle of Q— spaces such that for 
all X E X 

mxCil,{Y,{C{(Ex),Tx);fx). 
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Set 

(3.3.4) 



Remark 3.3.5. Lef (23, QU, X, IR+) Z^e a (O, S) -structure satisfying (13.1.141) and O C 
r(p), P C r(7r). Then 

(3.3.5) LD(0, V) ^ (VA > 0) (B^, (O, I)) C r(7r)) . 
Similarly for all x E X 

(3.3.6) LD,(0,I^) ^ (VA > 0) (B^, (r^(p), r|,(7r)) C r%7,)) . 

Definition 3.3.6 ( U-Spaces ). (5 is a \J-space with respect to {{C{(tx), ^x)}zgx, 
and D iff 

(1) (S e Hies; 

(2) C £ {{Ti, T)) as linear spaces; 

(3) D C Ti:,- 

(4) (VT G /cj9) (3 G End [End{nf, H^ex ^^^^(Sx)^]) (Vz/ G Radon{T)) 

^>T : £i(T, 0, 1.) J] £i (T, (£(€,), r,) ; i/)§ 



anJ VF G Zi{T, 0, z/), V?; G Vx G X 



(3.3.7) 



^!t{F){x){s) du{s),v{x] 



F{s) diy{s),v ) (x 



The reason of introducing the concept of U— spaces will be clarified by the following 



Proposition 3.3.7. Let (QJ, OH, X, IR+) be a (6, £) -structure satisfying (|3. 1.141) . anJ 
to & be a U— space with respect to {Csx{^x)}xex, ^ ^nd V. Then VA > 0, F G 
£i(M+,6,/xa), t^GP 



(3.3.8) B^,(^M+(F),t;) = (^y F{s) dfix{s),v j . 

Moreover if3J^ C f]^^^ -Ci (M+, (S, Pa) ■^"c/z ?/za? \1>k+ (J") = C f/zen 
(3.3.9) 



LD(0,I?) ^ (VA > 0){{Bx,V) C r(7r)). 



' Of course \E't here has to be understood as f £i (T, ©, i'). 
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Here 



i3A = |y" F(s)rf/iA(s) |Fg^|. 



Remark 3.3.8. In particular if 3 c nA>o /"a) such that'^^+{J^) = O 
then 

{(5,V) C r(7r) LD(C>,I?). 
More in general if 3 (3o complete subspace of (25 and 3 JF c 
{F e nA>o ^lO^'^, /"a) I F(R+) C (do] such that ^m+(J^) = O then 

Proof. (133:81) follows by (l33Jl) . while (IXXOl) follows by (IXXSl) and Remark 
[3331 □ 

Thus the U property expressed by (13.3.7! ) is an important tool for ensuring the satisfac- 
tion of the LD. For this reason the remaining of the present section will be dedicated to 
the construction of a space <3, Def. (13.3.121) . which is a U— space, see Theorem l3.3.27l 
and Corollary [33301 for the LD(C, V). 

Definition 3.3.9. Set 

' Xh ■■ End{n) ^ Ylxex End{(B,), 
(Vx G X)(V«; e End{n))i{FT, oxn)iw) = Fi^owot,), 

Well defined indeed by construction ix{^x) C H, for all x & X. Finally set 

'e : End{^x) - End (H^.x ^x) , 

(Va; G X)(Vn G Y\,^^^ End{<tM^^x oe{u) = oPr,), 

Well-posed by applying PALGl Prop. 4, n°5, §l,Ch. 2]. 

Remark 3.3.10. (Vx g X)(Vm g n^ex^^^l^^)) >ve/zave (Pr^. o0(m) o^^. = Fixiu)). 

Proposition 3.3.11. The space Ylxex ^'^^ product topology satisfies the re- 
quest for the space {H, T) in Notations 13. 3.3\ with the choice A = Ylxex '^{^x)- 

Proof. Pr^ G C (Ylyex j definition of the product topology, moreover 

ix ^ C {^x-, Wy^x ^y)- Indeed ix is clearly linear and by considering that for any 
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net {/"}aeD and any / in Hj^gx ^y^ lim^gD = f H and only if lim^ez? /"(y) = 
f{y) for all ?/ G X, we deduce that for any net {/"}aeD and any in such that 
liniQgD /" = fx we have linioeD = ^xifx), so is continuous. Let x E X and 

M G Haiex -^(^a;) so Prx(^) oP^x £ (rij/ex '^y '^a;) ' (6'^) follows by the definition 
of e and [GT, Prp. 4, Xo3, §2]. Finally (66) is trivial. □ 

The following is the main structure of the present section. For the definition and proper- 
ties of locally convex final topologies see HTVSi iVo4, §4]. 

Definition 3.3.12. Set for all x g X 

< : ^ fx ^ ix o fx o P^x € End (jly^x '^y) 

hx : ^ fx^ 9x{fx) \ T-C. 

V 

We shall denote by S5 the Ics G provided with the locally convex final topology of the 
family of topologies {r^ j^gx of the {C{€x)}x(^x, for the family of linear mappings 

{hx}x&X- 

Definition 3.3.13. Set in H^ex End{<Bx) the following binary operation o. For all 

X E X we set PT^^f o h) = f{x) o h{x). 

It is easy to verify that (Jl^^-^ End{€x), +, o) is an algebra over K as well as 

<n.«Aex),+,o>. 

Lemma 3.3.14. G C C {{H, %)), moreover 6 is a morphism of algebras. Finally if A is 
a subalgebra ofYl^^x '^i^x) then G is a subalgebra of C {{H, T)). 

Proof. The first sentence is immediate by (6a) in Notations I3.3.3[ Let u,v E 
n^.6X ^i^x) thus for all X G X 

Pr o6[u o v) = {u{x) o v{x)) o Pr 

X X 

= u{x) o Pr o6[v) 

X 

= Pto9{u) o9{v), 

X 

SO 9{u o v) = 0{u) o 6{y), similarly we can show that 6 is linear by the linearity of Pr;j. 
for all X E X. Thus is a morphism of algebras, so the last sentence of the statement 
follows by the first one and the fact that A is an algebra. □ 
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Proposition 3.3.15. 9^ o xh{w) = w oi^oVi^ \ Hfor all w e End{H), Moreover 
Onilm-iXn)) C Dom{xn) andxn o0n = Id\ Im^xn)- 

Proof. Let w e End(H) thus for all ,t G X we have (Pr^. 06''^ o = 
FTxixni^)) ° Pi'x \ 'H = Pi's ow o o Fix \ H and the first sentence of the statement 
follows. By the first sentence and the assumption that C 7-^ we have 6'(/m(x7^)) \ 

H C End(H) so xn ° is well set. Moreover for all x G X and u G Im(xH) we have 
Pr, iXn {0{u) r n)) = Pr. oe{u) o = Pt,{u) o Pr, oz, = Pr,.(M). □ 

Proposition 3.3.16. Letx g X, then 

(1) Qa: = 6 oi^so Im{hx) C G; 

(2) hxeEnd{C{(tx),G); 

(3) 3/1^-*^ : Im{hx) anJ 

•/.-^Pr.o.^rMM, 
Proof. Vy g X we have 



Pr,o^(2,(/,)) = Pr(^,(/,))oPr 



Pry o Qxifx) = Pr o^x o /x o Pr 



^ y |/,oPr,,x 

Moreover 

Oy,x=^y 
fx o Pr^, X = y. 

So the first sentence of statement (1) follows. Thus = Qx {C{(Bx)) \ H = 

6 [ix {C{^x))) f so by (66) of Notations 13.3.31 the second sentence of statement (1) 
follows. Statement (2) follows by the trivial linearity of Qx and by the second sentence 
of statement (1). 

Let fx G C{^x) and w = ix o fx ° Pr^ \ 'H. Then by the assumption (6) we have that 

w G End{U), and Xh{w) = ix{fx), indeed Vix{xh{w)) = PtxOIx o fx o Pr^ o?^ = 
fx = PtxWx)). Thus txifx) e Imixn) so by Pr. [3XT5] g(^.(^)) r H G Domixn) 
and hx^ is well set. Moreover 

(Proxw) o hxifx) = ProxH ° OnMfx)) 

X X 

= PT{lx{fx)) = fx: 
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where the first equality comes by stat. (1) and by tx{fx) G Im{xH), while the second 
by Prop. I3.3.15[ Finally 

o Pr oxniO{txifx))) = 9x o Piitxifx)) 

X X 

= g.{U) = e{ix{fx)). 

Thus Stat. (3) follows. □ 

Lemma 3.3.17. If (i2((£^,), r^.) is a topological algebra for all x & X and A is an 
algebra then & is a topological algebra. 

Proof. Let us set for all F g (S L^;' : (S 9 iJ i-^ F o g 6, well set being an 
algebra by Lemma [3. 3. 141 Thus for all x G X, / G ^ and Ix G 

{Leu)ohx)lx = Leu){e{ix{lx)) \ U) = 9{f o \n 

= [e o ^.(/(x) o /,)] r n = [gxU{x) ° Q] \ 'H 

= hx{f{x) o l^) = {hx o Lfi^x))lx, 

where Lj^ : C{(Bx) 3 Sx ^ fx ° Sx ^ ^i^x) for all fx G jC{(Bx). Here the first and 
fourth equality follow by Prop. 13.3.161 the second one by Lemma [3. 3.141 Moreover by 
hypothesis Lf(^x) is continuous, while hx is continuous by HTVSi Prop. 5, NoA, §4 Ch 2], 
so Lg(^f) o hx is linear and continuous. Therefore Lg(^fj is linear and continous by nTVSl 
Prop. 5, NoA, §4 Ch 2]. Similarly Rp is linear and continuous, where Rp : <& 3 H ^ 
H o F e thus the statement. □ 

Definition 3.3.18. Set 

: End{n)^ ^ UxexEnd{(BxV 
^{FtxO^'!^)(F){s) = iPTxOXn)(F{s)). 

Moreover set 

[a ■ UxexEndi^xV - {End (H,,^ 

VF G EndiHf, yF G Ux^x Endi^xV , Vx G X and^s G Y, where F{-){s) G 
Uyex End{(Bx) such that Vix{F{-){s)) = F{x){s). 
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Finally set 

= A r (i^ e n ^(^xO'^ I (V. e Y){F{.){s) e A)\ . 

Proposition 3.3.19. Let x e X and s eY, thenforallF G End{H)^ 

(1) (Pr, o^^) (F) (s) = Pr, oF(s) o i,; 

(2) ^^oA^ = M- 

(3) /m(A^) C G^. 

Proof. Stats. (1) and (3) are trivial. Let F G Dom{A^) so 

(Pro^^ o A^)(F)(s) = (Prox^)(A^(F)(s)) = Pr oA^(F)(s) o 

X XX 

= Pr o^(F(-)(s)) oi^ = Pr(F(-)(s)) o Pr oz, 
= F{x){s) = Pr(F)(s), 

X 

and Stat. (2) follows. □ 
Proposition 3.3.20. (V,t g X)(Vs g r)(VF g G^) we have 

(Pro^^)(F)(s) o Pr = Pro(F(s)) 

X XX 

Proof. Let F e thus 3U e such that = 9{U{s)) \ H, hence for all 

X e x,s ev 

(Pro^^)(F)(s) o Pr = Pr(^^(F))(s) o Pr 

= Pr oF{s) oi^o Pr, by Prop. 13.3.191 

X X 

= {FToe{U{s))) [7^ o^, oPr 

X X 

= (Pr(f/(s)) o Pr) f T^oz, oPr 

XX X 

= Pr(f/(s)) oPr \n 

X X 

= Pro^(f/(s)) \H 

X 

= Pro(F(s)). 

X 

□ 
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Definition 3.3.21. Letx e X 

h : Hom{C{(B,),K) ^ Horn (Uy^j, ^i^y) ^' 

Ix{tx) =txO Ft^ . 

Lemma 3.3.22. Letx e X thus 

(1) (yt^ E Hom{C{(B^),K)){\/y E X) we have 

(2) (Vt, E {C{(E^),T,)*){Ix{tx)oxn \&E&*) 

Proof. Let x G X and t^. E Hom{C{<t^), K) thus for all y e X and fy E C{€y) 
we have 

Ix{tx) o o hyify) = ° °Xni^y % o Pr \ ^-^) 

X y 

= tr,o (Pr oly o fyoPi ot^), 

X y 

and Stat. (1) follows. Stat. (2) follows by stat. (1) and lITVSl Prop. 5, No4, §4 Ch 
2]. □ 

The following is the first main result of this section. 

Theorem 3.3.23. We have 

(1) E Hom{2.^{Y, n^gx ^liy, W-)^ . 

(2) (Vx E X)(Ws E Y){WF E £1(1", 

Pr(^^(F))(s)d/i(s) = Pro F{s) dfi{s) o i^. 

X ^ Li . 

Proof. Let x e X, set 

X 

is well-defined by Lemma[33H By applying [ITVSl Prop. 5, Xo3, §4 Ch 2] A^. E 
£(6,(/:(e,),r,)) if andonly if (Vy G X)(A,. o /^^ g r,) , r,.))). 

Moreover G X and ^ fy E jC{(By) we have 



(A^ o hy){fy) = Pr Oly o fyoFi 



01^ 
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so 

A^, o hy = Id,x = y 
o hy = 0,x y. 
In any case o hy E C{{C{(Ey), Ty) , r^)), thus 

hence 

(3.3.10) (Vt,. e {C{(E,),T,r){t, o A,, e (5*) 

Therefore 



I Pr o 



F{s) dfi{s) 



oz, ) = (t,o A) F{s)dfi{s] 
{t,oA)(F{s))dfi{s) 



where the second equality comes by (13.3.101) and fllNTi Prop.l, No\, §1, Ch. 6], while 
the last one comes by Proposition |3.3.19[ □ 

Definition 3.3.24. Let Z be a topological vector space set 

ewz e Hom{Z,Hom{C{Z),Z), 
(Wv e Z)(V/ G CiZ))ievziv)if)) = fiv)). 

Moreover set rj = ev^ and Vx G X set = evg^. 

Lemma 3.3.25. LetDcn thus (A) =^ (B), where 

(A) : (Va; G X)(Vi;, G FTx{D)){e,{v,) G C{{C{(B,),t^) , 

(B) : (Vt;GD)(r7(t;)G/:(6,(7^,T))). 

Proof. Let y g X thus for aWv eH 



7]{v)0hy=ly0ey{FT{v)). 

y 
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Hence by (A) and the fact that by construction ty is continuous with respect to the 
topology T we have for aWv E D 

Thus (B) follows by the universal property of any locally final topology, cf. nTVSi (ii) 
ofProp. 5, A^4, §4Ch2]. □ 

The following is the second main result of the section 



Theorem 3.3.26. Let D C H and assume [A) of Lemma 13.3.251 Then {\/F e 

£i(r,0,/i))(Vx G x){yv G D) 



(3.3.11) 



Pr(^^(F))(s),f(x)) dfx{s 



F{s) d^{s),v ) (x). 



Here the integral in the left-side is with respect to the fi and the let on (E^, while the 
integral in the right-side is with respect to the fi and the let on (S. 

PROOF. (VF G 13, fi))(yx G X){yv e D) we have 



Pr o 

X 



F{s) dfi{s) 



(Pr or]{v))(F{s)) dfi{s) 

X 

(Pr oF{s)){v)dii{s) 

X 

Vi{^^{F)){s){v{x))d^i{s 



Here in the second equality we applied HINTl Prop.l, Nol, §1, Ch. 6] and the fact that 
Pr^: ori{v) G £((S, (B^,) because of Lemma [3.3.25| and the linearity and continuity of Pr^, 
with respect to the topology T. Finally in the last equality we used Prop. 13.3.201 □ 

The following is the main result of this section 



Theorem 3.3.27. Let D (l H and assume {A) of Lemma \J325\ Then {\/F G 
£i(r,0,;u))(Vx G X){\/v G D) 



(3.3.12) 



PT{'^l^{F)){s)dfi{s),v{x] 



F{s) dfi{s),v ) (x 



Equivalently is a U— space with respect to {{C{fBx),Tx)}xex> ^ cind D. Here the 
integral in the left-side is with respect to the ji and the let on {C{(Ex), t^). 
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Proof. By (A) of Lemma[3X25l stat.(l) of Th. I3.3.23l and [IINTI Prop.l, Nol, §1, 
Ch. 6] we have (VF G £i{Y, (J5, /i))(Vx e X)(V?; e D) 

hence the statement follows by Theorem |3.3.26[ □ 

Remark 3.3.28. By (13.3.121) and s tat. (2) of Th. \3.3.23\ NF E £.i{Y,&, fx)){yx e 
X){yv G D) 



F{s)djj,{s),vj (x) = { I F{s) dij{s),t^{v{x)) ) (x). 
Thus for all v,w E D and x E X 

Corollary 3.3.29. Let S e U^ex 2^"""°'^'^('^-) and V such that 



(3.3.13) 



N{x) = Uij-eL^ total in C^;, Vx G X, 



where S{x) = {Bf^ \ E L^}. Assume that for all x E X the topology is generated 
by the set of seminorms | {lx,jx) E x J^}, where^ 

(3.3.14) pl^^^^^ : £(€,.) 3 ^ sup i^UfM E 

Then 



(1) (A) of Lemma\J325\for D = V; 

(2) (13.3.111) /zoW^ anJ (S zi' a U— 5pace w«Y/z respect to {Cs(^x){^x)}xex, cind T>. 

Proof. By request (13.3.131) we have that the Ics (£(€^),r^) is Hausdorff so the 
position is well-set. By construction (Vx G X)(yvx E D{x))(3lx E Lr^){yx E Bj ), so 
(V/, G£(C.))(Vj, G J.) 

i^U^xiv^)fx) = i^lifxiv^)) 

hence statement (1) by nTVSl Prop. 5, NoA, §1 Ch 2]. Statement (2) follows by state- 
ment (1), Theorem 13.3.261 and Theorem 13.3. 271 respectively. □ 



% others words {C{€x),Tx) ^ jCsA^x), see Notations [TT] and Def. ITOl 
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Corollary 3.3.30 (LD(0, V)). Let (23, 2n, X, M+) a (6, f ) -structure satisfying 
(13. 1.141) an J r(7r) n 7^ n H^^gx -^1 ^ 0- '^^^ 



(3.3.15) 



^ r(p) 



If^T C ,<$>,[iy) such that = O then (13X91) holds. 

In particular if3J^C Ox^o (M^, ^) /^a) ■^"c/z that \E'^+ (JF) = C then 

{(5,V) C r(7r) ^ LD(0,P). 

//ere /or a// x G X, defined in (12.2.11) . 

Proof. By statement f2) of Cor. [3X291 Pr. [33J]and Rm. [3X81 □ 

Remark 3.3.31. A^ote that if S C 6, as for example for the positions taken in Rm. 
I3././2I we have S C Uxex ^b- Hence ifS CHwe have £ CT{tx)^H^ Hx-ex ^b- 

By the previous remark, Cor. 13.3.30! and Thm. |3.1.16l we can state 

Corollary 3.3.32. Let us assume the hypotheses of Thm. \3.L16\ made exception for 
the {i) replaced by the following one: S <^TC and 3 JF c nA>o -^il^^; /^a) such that 
^^+(^)=r(p) and 

(0,^) cr(7r). 
Then all the statements of Thm. \3.L16\ hold 

3.3.2. Uniform Convergence over /C G Compact{{H, 1)). In this subsection we 
assume given the following data 

(1) a 03 Banach bundle, a (O, £:) -structure {^,M,X,Y) where O is de- 
fined in (I3.1.16L where we denote 22J = ((971, 7) , p, X, IH) and 23 = 
{{^,T),rr,X,{\\.\\}); 

(2) a Banach space {H, \\ ■ \\n) such that (7i, T) satisfies (6) of Notations 13.3.31 
where X is the topology induced by the norm || • and r^. is such that 
(/:((£^.)> Tx) = J^sA^x) for every a; G X; 

(3) A as in (6) of Notations [3331 

(4) ^5, and as defined in Def. 13.3. 121 and Def. |33JJ respectively. 

The proof of the following Lemma is an adaptation to the present framework of the proof 
of [iChiProp. 5.13]. 

Lemma 3.3.33. LetU G Hxex ^x cind x^o G X moreover assume that 
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(1) ^ C 7^ C n'ex '^ch that (3a > 0)(V/ G H)(||/||sup < a\\f\\n), where 
ll/llsup = ^^Vxex 

(2) 3F G V{p) such that F{x^) =U{x^) and{F{-){s) \ seY} CA 

(3) {U{-)is) \seY}CA; 

(4) {-F(s) I s G ¥} and {U{s) \ s G Y} are equicontinuous as subsets of 

II ■ Ik)), where U ^ A^{U). andF = A^{F). 
Then {A) ^ (B) where 

(A) : U G r^°°(p); 

(B) : For all K, G CompactiTi) such that IC S and for all K G Compact{Y) 

lim sup sup ||W(2;)(s)t'(2;) — F{z){s)v{z)\\ = 0. 

Proof. We shall prove only (A) =^ (B), indeed the other implication follows by 
(3) =^ (4) of Lemma [2 .2 .51 So assume (A) to be true. In this proof let us set BiH) = 
-^((^j II ■ moreover \E' = \Efy and A = A^, moreover set F = A^(F) for every 
F G r(p); thus by stat. (2) of Pr. 13.3.191 = F and ^(U) = U. Hence by Pr. 
133:201 for all w G ^ F G r(p), 2 G X and s G F 

(3.3.16) U{z){s)v{z) = {nv){z), F{z){s)v{z) = (Fv){z). 

By (A) and implication (4) =^ (3) of Lemma [2.2.51 we have for all K G CompactiY) 
and V E £ 

(3.3.17) lim sup \\U{z){s)v{z) - F{z){s)v{z)\\ = 0. 

Fix /C G Compact{n) such that /C C ^, / g /C and £ > 0, thus by (13.3.171) and (13.3.161) 
there exists U neighbourhood of Xqo such that 

(3.3.18) supsup||[(Z7(s) -F(s))/] (^)|| < e/2. 
Define 

M = max{sup,gy ||F(s)||b(h), sup.^y ||Z7(s) ||ij(H)} 

= e/AaM 
il(/) = {(?G/C| ||/-(7||«<^}. 
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Thus for all g e 

sup sup \\U{z){s)g{z) - F{z){s)g{z)\\ = 

snpsnp\\[{U{s)-F{s))g] {z)\\ < 
seK zeu 

sup sup II [(Z7(s) - Fis))f] {z)\\ + sup sup \\l({s)ig - f){z)\\ + sup sup - f){z)\\ < 

sGK zGU s£K z£U s€K zeU 

e/2 + asup \\U{s){g - /)|| + asup \\F{s){g - f)\\^ < 
seK seK 

e/2 + 2aM\\g- f\\^<e. 

Therefore (B) follows by considering that | / G JC} is an open cover of the 

compact /C. Indeed let for example | i = 1, n} a finite subcover of /C thus by 

setting W = fllLi with obvious meaning of f/j, we have 

sup sup sup \\U{z){s)g{z) — F{z){s)g{z)\\ < e. 
zew seK geK 



□ 



Remark 3.3.34. We can set Ti = H^gx ^^^^ usual norm \\ ■ \\sup- 



Theorem 3.3.35 (/C-Uniform Convergence). Let 5J = r) , vr, X, \\-\\) be a Ba- 
nach bundle. Let Xoo G X and Uq G HxeXo ^ (^^' ■^"^^ that Uo{x) is 
a {Co)— semigroup of contractions (respectively of isometrics) on for all x G Xq. 
Assume that 

(1) D{Tx^) is dense in 

(2) 5J anJ 2n (I3.1.18I) .- 

(3) 3Ao > (respectively 3Ao > 0, Ai < Oj such that the range 1Z{\q — T^^) 
is dense in (respectively the ranges 7l{Xo — T^^) and lZ{\i — T^^) are 
dense in ^x^): 

(4) U||.||^(,^^(/:s,(e,)) C (respectively \]^s{CsA<^z)) C dn,)forallze X; 

(5) £cnc n^,^ €x 

(6) X is metrizable; 

(7) 3 ^ C nA>o -Cil^^' /"a) ^wc/z ?/za? ^^+(^) = r(p); 

(8) (3F G r{p)){F{xoo) =K{xoo)) such that 

(a) (/F(s)rf/iA(s),f) C T{n),forall\> 0; 
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(b) (Vf e S)(3(t) e $) s.t. 0i(xoo) = v{xoo) and (y{zn}nm C X \ 
lim^gN^^n = Xoo) we have that {U{zn){-)(f)i{zn) - F{zn){-)v{zn)}nm is a 
bounded equicontinuous sequence. 

Then 

(3.3.19) ZYGr^°°(p). 

Furthermore if 

(1) (3a>0)(V/GH)(||/||sup<a||/||^), 

(2) {F{-){s) I s G M+} C ^ and {U{-){s) | s G M+} C A; 

(3) {-F(s) I s G anJ {W(s) | s G M^} are equicontinuous as subsets of 

Then for all K, G Compact (Ti) such that IC S and for all K G Compact (W^) 

(3.3.20) lim sup sup \\U{z){s)v{z) - F{z){s)v{z)\\ = 0. 

Here DiT^^) is defined as in Notations \3.1.1\ with Tq and $ given in (I3.1.18I ). While 
U G rixex ■^"'^^ thatU \ Xq = andU{xoo) is the semigroup on generated 
by operator defined in (|3.1.2I) . Moreover ||/||sup =i= sup^gj^^ while U = 

A\{U) andF = A^{F). 

Proof. By hyp. (7) and st. (1) of Th. 13.3.231 (13.1.141) follows. Moreover (13.3.151) 
follows by hyp. (5), and Rm. 13.3.311 Hence by hyps. (7 — 8a), and Cor. |3.3.30| follows 
the LD({F}, S). Then (13.3.191) follows by Th. 13.1.161 (13.3.201) follows by (13.3.191) and 
Lm. [33331 □ 

Remark 3.3.36. 5}^ 5?.(2) o/Pr \3.3.19\ hyp. (7) Z5 equivalent to the following one 
Aj^^(r(p)) C f]^^^Q 0, /xa)- ciny case the form in hyp. (7) has the advantage 

to be considered as a tool for constructing r(p). Finally note that 

{(5,8) C r(7r) (8a). 

3.3.3. {H, T) as Direct Integral of a Continuous Field of left-Hilbert and asso- 
ciated left- von Neumann Algebras. 

3.3.3.1. Exl. Assume that 53 = {{€,t) ,n, X,^) is a continuous field of left- 
Hilbert algebras on X. Let H be the direct integral of 5J with respect to some finite 
Radon measure on X and B C H a linear space, set 

A{B) = {X3x^ \ aeB}, 
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where La^ G -6(^2:) for any G (S^, is the left mukiplication on the left-Hilbert algebra 
Then Ti and A{B) satisfies the requirements in Notations |3.3.3[ moreover 



(3.3.21) 



G{B) = 9{Am \n = Lis, 



where La E B{l-L) for any a G 7Y, is the left multiplication on the left-Hilbert algebra 
Ti. If every (£^. is unital then Ti is unital, thus is an injective (isometric) map of 
Ti into B(T-C). Therefore under this additional requirement we can take the following 
identification 

G{B) ~ i3 as linear spaces. 

Let H = {H^ G Uxex ^xlLo such that H°. is a left Hilbert subalgebra of 2^, while 
is a linear subspace of H°., for all /c = 1, 2 and x E X. Set 

r(7r,H) = {aEH\{\/xE X){a{x) E H^)} 

(3.3.22) {VH = {(rEn\{yxE X){a{x) E Ul)} 
Bn = {(TEn\ (Vx G X){a{x) E H^.)} . 

Thus r(7r, H) is a left Hilbert subalgebra of H and -Bh,'Ph are linear subspaces of 
r(7r,H), so 

(3.3.23) Lhh(^^h) cr(7r,H). 

By (13.3.231) and (13.3.211) follows that for all a G i^n, ^ e ^^h and ?/ G X 



(3.3.24) 



(G(Sh),I?h) cr(7r,H), 

{e {x ^ L^(^)) ,77) (y) = (T{y)r]{y). 



3.3.3.2. Ex2. Let us consider now the continuous field of left-von Neumann alge- 
bras associated to the fixed field of Hilbert algebras, and by abusing of language, let us 
denote it with the same symbol 03 = (((£, r) , vr, X, as well as H will denote the as- 
sociated direct integral with respect to some finite Radon measure on X. Let be the 
modular operator associated to the Hilbert algebra (E^ and the corresponding modular 
group. Thus we can set 



Aa = {St : X 3 X ^-^ ax{t) E Aut{<t:, 

Ga = o{Aa) r ^ 



t E M} 
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Note that for every t e M, f G 7i and x E X 



cr.,{t){v{x)). 



Now if we set 



r(7r) = n 



for any linear subspace VofHwe have 



Finally note that to we can associate the following map 



for which we have for all x G X 



v[/^(S)(x) = a.. 



3.3.3.3. Ex3. In the previous example we consider the extreme case in which 
r(7r) = H. In order to have a model where r(7r) C H we have to get a more detailed 
structure, namely the half-side modular inclusion. So for any x G X let C (Ex, i^x) 
be a hsmi^ and Vx the Wiesbrock one-parameter semigroup of unitarities associated to 
it so Vx G Hstr{(Bx)~^ such that ^x = A.d{Vx{l))<£x- Therefore what we are interested 
in is that for all t G M+ 




By using the first inclusion in (13.3.251 ) we can set 




Av = {Vt:X3x^ Ad{Vx{t)) \ (Bx G 

Gv = e{Av) r ^ 
Vt = e{Vt) \n,teR. 




Hence for all x G X and t eR 




Vt{v){x) = Ad{Vx{tMx) 



Therefore if we set V and r(7r) such that 
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then by using the second inclusion in (13.3.251) we have 



cr(7r). 



3.3.3.4. Inner property of the Tomita-Takesaki modular group. For any semi-finite 
von Neumann algebra and any G Nfn faithful we have that the Tomita-Takesaki 
modular group cr^ is inner (see UTakl Thm. 3.14 Ch. VIII]) i.e. it is implemented by 
a strongly continuous group morphism V : M — > f/(Dl), where U{^) = {U^^ = U* \ 
U e D^}, so in particular 



(3.3.26) 



v{R) c at. 



Now let {H^, TT^, il^) be a cyclic representation associated to </> and D^T^ = 7r(91<^) which 
is a von Neumann algebra being normal, then by (|3.3.26l) immediatedly we have 



(3.3.27) 



By the invariance = o a^^, and the cited unitary implementation we obtain that there 
exists Wif, unitary action on if^ such that 



(3.3.28) 




where the second sentence comes by UTaki Thm, 1.2 Ch. VIII], with the modular 
operator associated to (D^^, fi^). 
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CHAPTER 4 



Section of Projections 

In sections 14.11 and 14.21 except when explicitedly stated, we shall maintain Notations 
[3331 

4.1. (z/, 1], E, Z, T) invariant set with respect to JF 

Definition 4.1.1. Let Z^T be two locally compact spaces, E G Hies, v G Rad{Z) 
andt] G Rad(T)^. Set 

£(i,i)(T,E,r7,z/) = |FG (^£^{T,E,r],)\ (^Z 3 X ^ J Fis)drixis) E E^ g£i(Z,E, 

Corollary 4.1.2. Let Z be a locally compact space, v G Rad{Z) and rj G 
Rad{Y)^ finally let D G Ilxex^'^'' and assume {A) of Lemma 13.3.251 Thus {WF G 

£(i,i)(F,0,r/,z/))(Vx G X){\/v G Uyex D{y)) 



Ft o 

X 



Fis)dr],is)] dv{\) 



Vi{^<{F)){s)v{x)d7]x{s)] dv{\) 



Proof. Let F e (S, //, z/), x G X and w G H^^ex ^iv)- By Theorem[3326l 



Pr o 



X 



F{s)dr]xis) dp{X) 



Pro^ / (A)(t;(x))ciz/(A) 



Moreover VA G Z 

Pjo^ f / F(s)c?r/(.)(s) ) (A)(t;(x)) = Pro F{s)drix{s)j oi,{v{x)) 

Pr(^(F))(s) o Pr oi^{v{x)) dr]x{s) 

X X 

Fri^(F)){s)v{x) d7]x{s), 

X 

where in the first equality we used Prop. 13.3.191 while in the second one Theorem l3.3.26[ 
Then the statement follows. □ 

Definition 4. 1 .3. V is a (z/, 77, E, Z, T) invariant set with respect to JF if 
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(1) T,Z are two locally compact spaces; 

(2) E e Hies and V C E; 

(3) u e Rad{Z) andr] e Rad{T)^; 

(4) (T,E,r/, I.) 

(5) VF e ^ 



F{s)dr]x{s)] du{\) 



V <ZV. 

Proposition 4.1.4. Let us assume the hypotheses of Corollary \4.1.2\ and V be a 
(z/, r], (J5, Z, Y) invariant set with respect to T such that V fl H^/ex ^iv) 0- Then 
yveVn Uyex D{y) and\/F G ^ 

^ \eAev. 



X 3x^ J l^J PT{'${F)){s)v{x)dr]x{s)j dv{\) 
Proof. By Corollary |4T2l □ 

4.2. Construction of classes Ae (5J, D, 22J, X, IR+) through invariant sets 

In this Section we shall assume that E = {^x}x&x is a class of complex Banach spaces. 
Moreover Cld{<Bx) denotes, for all x G X, the class of all closed densely defined linear 
operators : Dom{Tx) C g^, — > 

Definition 4.2.1 (Ch. 9, §1, n°4 of IlKatll ). Let M > 1, f3 e R. Set g{M, /3, E) the 
class of all T G UxexCld{€x) such that ](3,oo[C P{-T{x))^and (V^ > /5)(Vfc G 
N)(Va; G X) 

\\{T{x)+0-%ie.)<M{^-(3)-'. 

Moreover let us denote by {e^^'^^^'^}tm+ ^he strongly continuous semigroup generated 
by —T{x). 

Definition 4.2.2 ( Separation of the Spectrum ). See IlKatl n°4,§6, Ch. 3]. Let M > 1, 

P ^M.. We say that T G G{M, /3, E) satisfies the property of separation of the spectrum 
z/(3r)(Va; G X)(3S^(^.) C i:{T{x))){3 At(x) G Op(C)) such that T is a regular 
closed curve in C, ^'t(x) '■^ bounded and 

c c o,(r), c a(r). 

Here Oi{V) is the interior ofV, namely the compact set ofC whose frontier is T, Oe(T) = 
CCj(r) is the exterior of T, E(T(a;)) is the spectrum of T{x), finally '^'t{^x) ^ ^(^(^)) 



^ Equivalently — oo[C P{T{x)), where P{T{x)) is the resolvent set of any closed operator T^- 
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Let T G Q{M, P, E) satisfy the property of separation of the spectrum, then \/x E X we 
set 

(4.2.1) P(x) = -l-j^R{T{x)-X)dC e B{(B,). 

Moreover set E H^^^^ C{(Ex)^^ such that R^{x){s) = R{T{x)] p{s)), for all x E X 
ands E K{T), while R^{x){s) = 0, if s G M+ - K{T). Here R{T{x)] ■) : P{T{x)) 3 
( 1-^ (T{x) — C)^^ G is the resolvent map ofT{x) and P(T{x)) is its resolvent 

set, while the integration is with respect to the norm topology on B{fBx). 

Remark 4.2.3. Let M > 1, [3 eR and T E G{M, f3, E) satisfy the property of sepa- 
ration of the spectrum. Then for all x E X by UKatl Th. 6.17., Ch. 3], P{x) E Pr{^x) 
and (Bj: = M'^ © M" direct sum of two closed subspaces of (B^, where M'^ = P(x)€^ 
and M" = (Ij. — P{x))(Bx. Moreover T{x) decomposes according the previous decom- 
position, namely T{x) \ M'^ E B{M'^) such that T^iT^ \ M'^) = and \ M" is a 
closed operator in M" such that S(T^ \ M") = T,'^_^. 

Definition 4.2.4. Let K{T) c IR+ a compact set, A an open neighbourhood ofK(T) 
and p : A ^ C be such that p E Ci{A,M.'^)^ and p{K{T)) = T. Set\/s E K{T), 
rjs E Radon{R^) such that 

r/, :C,,(M+) 3f^[ e"^'^' f (t) dt . 
Jr+ 

Moreover let v E Radon{R'^) be the 0— extension ofuQ E Radon{K(T)) such that 

Jk{v) 27rz ds 

Finally let M > 1, l3 ERandT E g{M, (3, E), then we set Wr G Hxex U(5,(e^)) 
such that (Vx G X)(Vt G R+) 

WT(x)(t) = e-^(")*, 
Ft = A(Wt), 
where A has been defined in Def \3.3.18\ 

Lemma 4.2.5. Let M > 1, (3 E R and T E Q{M,f3,E) satisfy the property of sepa- 
ration of the spectrum. Assume that there exists a closed curve T of which in Definition 

^ By identifying C with M^, so p is derivable with contiuous derivative 
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\4.2.2\ such that 

(4.2.2) Re{T) C 
Then Vx G X and ^fv^ G 

(4.2.3) P{x)vx = --^ / ^(s)R{T{x); p{s))vx ds, 
and^s G K{T), 

(4.2.4) i?(T(x),p(s))t;, = /" e^'^^^^e'^'^^^).;, c^t = / WT{x){t)vxdyis{t). 

Jo Jr+ 

Here the integration is with respect to the norm topology on (Bx- Moreover let (3 be that 
in Def. \3.3.12\ relative to E. If Ft G £(ii)(M+, (25, r], v) and V is a (i/, r/, 0, K{T),M+) 
invariant set with respect to {Ft}, thenu 

(4.2.5) P»V CV 

Proof. By (|4.2.1I) . niNT[ IV.35 Th. 1], and by the nomi continuity of the map 
B{<Bx) 3 A i-^ Aw G lEx for any w G (Ex, we have (|4.2.3I) . Moreover by (14.2.21) we can 
apply [iKatl eq. 1.28, n°3, §1, Ch. 9] and (l4T4l) follows by Def. l4T4l Fix v e V so 

P{x)v{x) = [ '^{s)R{T{x)- p{s))v{x) ds 

^ ^ "^^(s) f /wT(x)(t)t;(x)dr7sWl 



2ni J ^(p) 

(4.2.6) = / ( [ Pi (Ft)) {tHx)dr]s{t)] dv{s). 

Jk{v) \Jr ^ / 

Here the first equality comes by (14.2.31) . the second one by (14.2.41) and the third one 

by Prop. 13.3.191 and Def. I4.2.4[ Finally with the notations in Corollary 13.3.291 we 

have that for the strong operator topology we can choose (Vx G X)(Sx = Vuj{(Bx)), 

thus D{x) = €x, for all x E X, and by Corollary [33]29l holds (A) of Lemma [33]25l 

Therefore the statement follows by (|4.2.6I) and Proposition l4.1.4[ □ 

Corollary 4.2.6. Let us assume the hypotheses and notations of the Main Theorem 
\3.1.16\ and the hypotheses of Lemma \4.2.5\ where T is such that —T{x) is the infini- 
tesimal generator of U{x), for all x G X. Moreover let V C Hxgx "^i^- Finally let 



^See Def.|22J]for(t 
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D = ((*B, 7) , rj, X, £,) and (23, D, X, {pt}) be a (9, £) —structure such that 
(4.2.7) r(r/) C i F G J] £(€,) \F.V^V 

I x&X 

If Ft G 0, rj, u) and V is a (z/, 77, (S, i^(r), R+) invariant set with respect to 

'(Ft}, then {U} G A© (2J, D, SB, ^, X, M+). 

Notice that £:(0) = £: so if £: C y C r(7r) then (143771) implies that the (9, £:) -structure 
(23, D, X, {pt}) is compatible. 

Proof. Bv (13.1.201) and by (14331) and (l4T7l) . □ 

Remark 4.2.7. Owr a?m now zi' to see when V is a (z/, rj, 0, i^(r), M"*") invariant set 
with respect to {Ft}, by maintaining the positions S <^V T{tt) and (|4.2.7I) . ensuring 
as remarked, that (23, 2), X, {pt}) is compatible. By using Corollary \1.2.10\ we can 
try to show that ifV is a {u, rj, (3, K{r), M+) invariant set with respect to A(r(p)) then 
V is a {u, 1], (S, i^'(r), M+) invariant set with respect to A(r^°°(p)), hence by (13.1.201) . 
with respect to {Ft}- Might be at first glance not a weakening, but it is indeed the 
most powerfull way for constructing bundles of VL— spaces, namely that described in 
Def. \1.2.5\ allows us to choose, when X is compact, the set T{p), see Remark U.2.6\ 
Assume the notations in Def. \4.1.3\ Another way, maybe better than the previous one, is 
the following. Let v G Ilxex '^^'^ Abe a subalgebra of(3, thus if we set 

V = span{Av), 

closure in Ylxex Lemma \3.3.14\ we obtain 

AV C V. 

Thus if (£(€^.), r^.) is a topological algebra for all x E X, it is sufficient to take for 
example the closure in 6 of the algebra Aq^ generated by any subset of (5 which contains 
the set 

^ ''F{s)dr]x{s)] diy{X) \FeT 



Notice that by the fact that P{x) G Pt{(Bx) for all x & X, we deduce by (14.2.6!) and 
Corollary \4.1.2\ that 

(4.2.8) aT = j (^J FTis)dr]xis)^ dv{\) G Pr 



^which is again an algebra by Lemma D.3.17| 
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Thus the algebra Aq should be generated by any subset of C5 which contains not only 
the operator qt, otherwise Aq ~ K - ax and then A — K • ax which is not interesting. 
The last equality comes by the fact that K • v is a closed set for any v e Z — {0} 
where Z is a topological vector space such that that Z* separates the points of Z, for 
example any Hies. Indeed let v,w e Z such that v ^ and {Xajaeo a net in Z such 
that limaeD — w. Thus there exists (j) & Z* such that (t){v) ^ and {\a(l>{v)}aeD 
is a Cauchy net in K. But (l){v) ^ so also {Xa}aeD is a Cauchy net in K, let /i — 
liirifjgD Aq. Thus w — lima^jj — IJ-v, which show that Kv is closed in Z. 

4.3. Construction of classes Ae D, 2B, X, M+) through the generalized 



Assumptions 4.3.1. In this section X is a topological space, Y is a locally compact 
space /I is a Radon measure on Y, and 5J = ((€, r) , tt, X, OT) is a bundle of D,— spaces, 
we indicate with 01 = {i/j | j e J} the directed set of seminorms on 6. 

Definition 4.3.2. Let Z e Hies and {ipi | i e /} a fundamental set of seminorms on 
Z. We denote by 



the Hies whose linear space support is Z^ and whose Hlei is that generated by the 
following set of seminorms 



that this definition is well-set being indipendent by the choice of the fundamental set of 
seminorms, indeed the topology is that of uniform convergence over the finite subsets of 
Y. 

Definition 4.3.3. Set 



Lebesgue Theorem 



s 
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iY 



Definition 4.3.4. Set 

(Vx G X)(Vs G Y){Firv){x){s) = F{x){s){v{x)). 

Definition 4.3.5. (2J, 3) are /i-related if 

(1) 3 4= ((T, ,CjX, ^) be a bundle of VL— spaces; 

(2) for all X G 

(4.3.2) \ ^, = {sup(,,,),o g^,,,) I O G X J)} , 

ql^ .^ -.^x^ fx^ z/j(/,(s)),Vs G F,j G J; 

(3) r(C)c [n'ex^:. 



(4) ♦(r(c)) c r( 



TT 



//ere we set for all A C H^ex -^a: 



(4.3.3) 



[A 



\h e A \ {yj e J) ( [ sup z/j(i/( 



x){s)) d\fi\{s) < oo 



Finally 3, H) are yU— related if 

(1) H = {lix}x(zx such that C C{^xY for all x E X, 

(2) (03, 3) ^—related 
(3) 



(4.3.4) 



J] H J * m € J c J] T,. 



Theorem 4.3.6 (GLT). Let (5J, 3) be ^.-related. Then for all x e X 

♦ ([r:(C)]jcr:(7r). 

Proof. Let s g X and F e [Tl{C)]ui ^us by Corollary [L2J0| there exists r] e T{C) 
such that for all j E J, s e Y 



(4.3.5) 



F{x) = r]{x) 

lim,^,z/,(F(z)(s)-r/(z)(s)) = 0. 



In case is a Banach space MeasiY, <S.x,^Ji){~\ S.i{Y, €x,fJ.)s — ^i{Y, €x,y)s 
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Fix J e J thus by lllNTl Prop.6, No2, §1, Ch. 6] for aXlzeX 

(4.3.6) v,(^j{F{z){s)-r^{z){s))d^^{s)^ < j\,{F{z){s) - r^{z){s)) d\^^\{s) 

Moreover z/| is continuous by definition of bundles of f2— spaces, wliile F{z) and ri{z) 
are by construction measurable, hence by HINTj Thm. 1; Cor. 3, n°3, § 5,Ch. 4] the 
map Y 3 s ^ Uj{F{z){s) —r]{z)(s)) is |U— measurable thus measurable. Moreover 
by the hypothesis on F and by (3) of Def. 14.3.51 
(4.3.7) 



'^j{F{z){s)-v{z){s)) d\fi\{s) < / snp Uj{F{x){s)) + snp Uj{r]{x){s)) d\fi\{s) < oo. 

Therefore by lllNTl Prp..9, A^o3, §1, Ch. 5] the map Y 3 s ^ Vj{F{z){s) - v{z){s)) 
is essentially integrable hence by the fact that J' f d\jj\ = Jy f d\ix\ for all 

I essentially integrable map /, we have by (14.3.61) 



(4.3.8) iFiz)is) - viz)is)) rf^(s)J < J z/,(F(^)(.) - r/(z)(5)) rf|/i|(s). 

Let {zn}n C X be such that lim„gN Zn = x thus by (|4.3.5I) 

(4.3.9) \imu,{F{zn)is)-r]izn)is)) = 0, 
For all s e F 

iyj{F{z){s) - ri{z){s)) < sup i^j{F{x){s)) + sup i'j{r]{x){s)) 

thus by the hypothesis on F, by (3) of Def. |4J31 by the fact that J' < jy, by (l43^ . 
and by the Lebesgue Theorem fllNTj Th.6, No7, §3, Ch. 4] we have 

(4.3.10) lim / iy,{F{zn)is)-7]izn)is))d\fi\is) = 0. 
Finally by (14.3. 81) , (14.3.101 ) and the fact that X is metrizable we obtain 



lim Uj (^j F{z){s) dn{s) - j 



ri{z){s)dfx{s] 



thus the statement follows by hypothesis (4) and Corollary 1 1.2. 101 □ 

Definition 4.3.7 ( (6, S, /i) -structures). We say that (03, ij, X, Y) is a (6, S, /i) - 
structure if 

(1) 2J == {{(B, t) , TT, X, '71) is a bundle of spaces; 

(2) S C r(7r); 
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(3) ^ Yl^^^Bounded{€,); 

(4) V5 G e 

(a) D(S,^)^0; 

(b) Usee ^^^^^ ^xfor all x G X; 

(5) = ((io, 7) , X, 2)) zi' a bundle of Q— spaces such that for all x E X 



(4.3.11) 



^,.C£i (r,£<,^(e,),;x),, 

2). = {sup(,,,,s)go Pit,j,B) I O G P. (F X J X e)} 
/(Ij.B) : -^x 3 ^ sup,gD{B,^) \/teY,Be 0,J G J. 



Here Sx, and T){B, S) are defined in (12.2.11) . Moreover (03, 1}, X, F) is an invariant 
{Q,£, jj) — structure if it is a {Q,£, fi) — structure such that 

(4.3.12) e n I (vt e F)(Fi . ^(0) c r(7r))| = r(0. 

Definition 4.3.8. Let fxx for all \ > be defined as in Def \3.1.8\ let O = 

((fl,7),^,X, 6), (23,i},X,M+) be a {Q,S,fi)- structure, x G X, C C 1(0- anJ 
P C r(7r). Set 

A>0 

Assume that 

(4.3.13) r^(OnLap(5J)(x)^0 

We say that (03, 0, X, IR+) /zai' the weak- Laplace duality property on O and V at x, 
shortly w - LD^.(C, P) z/VA > 



■Ma 



r^(OnLap(53)(x),r^(7r)) cr(7r 



Definition 4.3.9. Let (03, 2U, X, F) a {<d,S) -structure and denote 223 
( {dJl, 7) , p, X, Assume that for all x E X 

(4.3.14) 9Jt, Ci:i(F,£5^((£,),/i). 

5er M^' = {(M^, ^x)}xex where for all x e X 



= {a{x) I a G r(p)}, 
2). = {sup(,,,.^),o^(1.,,B) I O G P^(y X J X 6)}, 
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where the closure is in the space 

£i(y,£s.(ex),/i),, 

and has to be considered as Hlc subspace of it, finally here P^^ ■ is defined on 
as in (|4.3.11l) . Notice that M'^ is a nice family of Hies, and that T (p) satisfies 
by construction FM{3) with respect to M'^. Moreover by (|2.2.5I) and the fact that 
{t} G Comp{Y)forallt G Y 

(4-3.15) p^^.^^^=q'^^^-^.j^y 

By HGiel Cor.l.6.(Mi)] we deduce that r(p) satisfies FM(4) with respect to 
{(Ma:, '^x)}xex- Therefore we obtain by (|2.2.4I) and (|4.3.15l) that for all t E Y, j E J, 
B E Q and for all a ET{p) 

Moreover the upper envelope of a finite set of u.s.c. maps is an u.s.c. map, see [|GT[ 
Thm.4,§6.2.,Ch.4], therefore for all O E V^{Y x J x 6) 

(4.3.16) X 3 X sup P'f^ ^^{a{x)) is u.s.c. 

{t,j,B)eo '''' 

Hence r(p) satisfies FM{A) with respect to M^. Finally by the boundedness of 
r(p) by definition and by (|4.3.15l) we have also that for all a E r(p) and O E 
V^{Compact{Y) x J x 6) 

sup sup P^t j m{a{x)) < oo. 
x£X {t,j,B)eo 

Therefore we can construct the bundle generated by the couple (M^,r(p)), see Def. 
\LT5\ 

QJ(M^^(p)) 

We shall call (5J, 23(M^, r(p)), X, F) the (0,^,p)- structure underlying 

(2J, an, X, Y). 

Definition 4.3.10. Let (5J, O, X, F) be a {Q,S,fi) - structure and A c H^^x^^- 
Define Ap^q as the set of all pointwise equicontinuous elements in A, and A^eq as the set 
of all compactly equicontinuous elements in A, see Def. \2.2.9\ 

Remark 4.3.11. Lemma 12.2.51 holds by replacing a —structure (23, 22J, X, F) 

with a (9,£^,p) — structure (23, n,X, F) and K E Comp{Y) with t E Y. In what 
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follows when referring to Lemma \2.2.5\ for a {Q,S, fi) — structure we shall mean the 
corresponding result with the replacements described here. 

Lemma 4.3.12. Let (5J,n,X, F) be a {Q,S,fi)- structure and (03, 3, H) be 
fi— related, where O. = ((io, 7) , C,, X, 2)) and Hx = S^xfor all x E X. Thus 

r(0*^(e) c r(c) (Vx g x) (r:(Ope,*r^(e)(vr) c r:(C)) • 

Proof. Let j e J, x e X and w G r^^Q^(7r), so there exists v G S{<d) such that 
v{x) = w{x) then by Cor. 11.2.101 

(4.3.17) lim iyj{w{z) - v{z)) = 0. 

Moreover let F G r^(^), so by Lemma 12.2.5 1 3 a G r(^) such that F{x) = a{x) and for 
alH G y 

(4.3.18) lim Uj {F{z){t)v{z) - a{z){t)v{z)) = 0. 
Moreover (Vt G Y){3M(^t,j) > 0)(3 ji G J)(V^ G X) 

i^, iiFirw)iz)it) - iairv)iz)it)) = v, {F{z)(t)w{z) - a{z)(t)v{z)) 

< V, {F{z){t){w{z) - v{z))) + V, {F{z){t)v{z) - a{z){t)v{z)) 

< M(i,,)Z/,,(u;(z) - v{z)) + z/, {F{z){t)v{z) - cy{z){t)v{z)) . 

Therefore by (14.3.171) and (14.3.181) for alH G F 

lim z/, {{Firw){z){t) - {airv){z){t)) = 0. 
Moreover (Vt G F)(3M(ij) > 0)(3 ji G J) 

(4.3.19) sup Uj{{Firw){z){t)) < M^tj) sup z/jj(ti;(2)) < 00. 

zex ' zex 

By the antecedent of the implication of the statement we deduce that ai^v G T(Q 
hence the statement follows by Cor. 11.2. 10[ (I4.3.2D . by the fact that by (14.3.41 ) F*w G 
n,c-'^-andbv (l43J9l) . □ 

Proposition 4.3.13. Let (23, 22J, X, F) Z^e a compatible {Q,£) -structure. Then for 
all X & X 

(4.3.20) (r:(p),,,),.r|(e)(7r)cr:(vr) 

Proof. Notice that {Firv){t) = F(-)(t) • v with obvious meaning of the symbols. 
Thus if we set Y = {pt} the statement follows by Lm. 14.3.121 □ 
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Corollary 4.3.14. Let (5J, 0,X, F) be a {Q,S,n)- structure and (23, 3, H) be 
11— related, Thus for all x E X 

r(0*^(e) c r(c) ^ ♦ ([r:(eu*r^(e)W]„) ^ r:^. 

Here = ((f), 7) , ^, X, 2)), 3 = ((X, 5) , C, X, ^) and H^. = ^^/or all x E X. 

Proof. By Theorem 14331 and Lemma l4.3.12] □ 

Lemma 4.3.15. Let (23, 0, X, F) an invariant (6, /i) — structure where defined 
in (13.1.161) . r/zen /or all x E X 



(4.3.21) ^ G 



I (vt G .^(6) c r-(7r)) } c r:(0. 

peg 

Proof. Let v e S{Q), t e Y and H belong to the set in the left side of (14.3.211) . 
Thus by (14.3.121) 3F E r(0 such that Ft • v E T{n), F{x) = H{x) and H{-){t) •v E 
V^iji) by construction. Then by Corollary 1 1 .2 . 1 01 we obtain for all j E J 

lim iyj{H{z){t)v{z) - F{z){t)v{z)). 

z—*x 

Therefore the statement follows by Lemma [2. 2. 5 1 and (13.1.171) . □ 

Remark 4.3.16. Notice that Lemma [4.3.1 5\ holds if we replace invariant {Q,S,fi) — 
structure with invariant {Q,£) — structure, see Def. \2.2.2\ and assume that Comp(Y) = 

m 1 1 E Y}. 

Corollary 4.3.17. Assume that 23 is a Banach bundle and set E = {^x}xex- By 
using the notations of Definitions \4.2.4\ and \4.2.2\ assume that M > 1, /? G M and 
T E G{M, P, E) satisfy the property of separation of the spectrum, moreover that there 
exists a closed curve T of which in Definition \4.2.2\ such that 



(4.3.22) 



Re{T) C R-, 

/3 > ^ -/3 ^ Re{T). 



Moreover assume that for all fx E {u, rjs \ s E K(r)} 

(1) (23, 0, X, ]R+) is an invariant (0, 8, /i) — structure^ 

(2) (23, 3, H) is fi— related; 

(3) is full; 



' See Prop. l3.3.2| or more in general USUI Corollary 2.6.]. 
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(4) for allz e X 

(4.3.23) (M+,£5.(S.)) C^,; 

(5) r(0*^(e) c r(c). 

Here is defined in (13.1. 161) . = ((f), 7) , ^, X, <n), 3 = ((2^, 7) , C, ^, and = 
i^i:, /or all X E X. 
Then for all x E X 

(4.3.24) Wt g r^(0 ^ P • r^(e)(^) ^ r^X^r). 

Moreover if (23, S), X, {pt}) an invariant {&■,£) —structure such that 53 j; = £ (C^;) 
/or a// X and 2) /^/m// then for all x E X 

(4.3.25) Wr G r^(0 ^ P e V^i]), 
Where's) = ((<B, 7) , r^, X, £). 

Proof. In this proof we denote Rf^ simply by Rp. Rp is /('(F)— supported by con- 
struction, moreover by the analyticity of the resolvent map Rf{x) is || • contin- 
uous hence continuous as a map valued in (S^:). So 

zex 

hence by (14.3.231) follows 

(4.3.26) R'^W ^- 

By for all s e K{T), a; G X and \/v^ e €^ 

\\R{T{x),p{s))v,\\ < r e-l^'=(''(^»l*||e-*'^(^)t;,||(it 

(4.3.27) 

- " ^"V ''-/?-|i?e(p(.))|' 

where is the upper integral on IR+ with respect to the Lebesgue measure. We consid- 
ered in the first inequality HINTj Prop. 6, n°, §1, Ch. 6], in the second one the inequality 
UKatl (1.37), n°4, §1, Ch. 9], finally in the equality the Laplace transform of the map 

^ Indeed for all E normed space the topology on B{E) is stronger of that on £5 (E') . For that it is sufficient 
to show B{E) = CBounded(E){E)- To this end note that sup^g^^ II ^^11 ^ '^sup^g^^ ll^^ll for all r > 
and A e C{E), where Er ^ {v ^ E \ \\v\\ < r}. 
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exp(/3t). Therefore by (14.3.261) and (14.3.271) 

Thus by (I4.3.27L (13.1.161) and (14.3.111) 
(4.3.28) i?^ e I n 



peg 



peg 



By (I4.3.26h and (l434l) we have that G H^ex '^z for all i; G [iLx By 

hypothesis (|4.3.22l) we deduce that is defined on K(T), hence continuous 

and integrable in it, thus by (14.3.271) 



(4.3.29) 

By the continuity of -ozr ^ 



i?''*^; G 



zex 



on 7^(1) we deduce that the map 



in KiT). Hence by (14.3.271) and (14331) 
(4.3.30) sup||P(x)b(e.)</^ = 7^ / 



Therefore for all f G £^ by considering that £ C Ylxex 



f3-\Re{p{s))\ 



is integrable 



M 








fle(p(s))| 



ds. 



sup ||P(x)f(x) 11^(2:,) < -Dsup ||^^(a;)||£^ < oo 



Thus 
(4.3.31) 



PeYl^x 



xex 



Let X G X and v G r^(Q)(7r). By KlAh for all s G K{T) 



Vs 



(4.3.32) 
Moreover by (14.2.31) 

(4.3.33) P»v = i{RPirv). 

Notice that {RPirv){x){s) = (i?^(-)(s) • v) (x) so by (14.3.321) for all s G ir(r) 

(4.3.34) P''(-)(s)«w = ♦(Wr*^;). 
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If Wt e r^(0 then by IlKatl Ch. 9, §1, n°A, (1.37)] and the hyp. that O. is full follows 
that Wt G T^iOpeq- Therefore by Corollary I43l4l and (14.3.341) for all s G K{r) 

(4.3.35) RP{-){s) • V er%7r). 
By construction £{&) C r(7r) so ^(0) C r^^0^(7r), hence 

(4.3.36) R''{-){s) • S{e) C r^(7r). 
Moreover by the hypothesis that is full and by (14.3.281) follows that 



Rf e 



peq 



Hence by Lemma 14313] and (14.3.361) 

(4.3.37) RP G TliOpeq. 

Finally (14.3.241) follows by (14.3.371) . (I4.3.33D . (I4.3.29D and Corollary l43J4l In conclu- 
sion by (14.3.311) . (I4.3.30D and the hyp. that 2) is full 



P G 



peg 



Thus (14.3.251) follows by (I4.3.24L Remark g^Il] and by ^(0) C r 



f(0) 



□ 



Remark 4.3.18. r/ze statements ofCorollary \4.3.17\ hold by replacing "for all x & X " 
by "Xoo G X ", and the hypothesis that (5J, 3, H) is jj,— related and (5J, £3, X, R+) is an 
invariant (0, £, ji) — structure for all jj, E {u,rjs \ s E K{T)}, with the following two 

(1) (23,3,11) is V— related and (23, 0, X, is an invariant (0,£^,z/) — struc- 
ture; 

(2) RP{-){s)»£(Z r^- (tt) /or aZZ s G K{V). 

Indeed (14.3.361 ) follows for x = x^o and the proof runs as that of Cor \4.3.17\ 

The following result shall permit to apply Corollary 14 . 3 . 1 7 1 to the Main Theorem 13. 1.16[ 

Proposition 4.3.19. Let (23, 223, X, F) be a {Q, 8) -structure and denote W = 
((971, 7) , p, X, IH). Assume that (14.3.141) holds for all x G X and let 
(23, 23(M^, r(p)), X, Y) be the (0, £, /i) - structure underlying (23, W, X, F). Then 
for all X E X 



(4.3.38) 



r:(p)cr^(^)(vrM. 
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where the right-side of the implication has to be considered modulo the canonical iso- 
morphism. 

Proof. By Remark [1.2.61 T(p) C r(7rMM), modulo the canonical isomorphism. 
Thus the statement by Lemma [2. 2. 5 1 and (14.3. 15I ). □ 

Definition 4.3.20. Let^ = ((€, r) ,7r,X, || • \\)be aBanachbundle. Letx^o ^ X and 
Uq G HxeXo ^ (^^' -^^(^3^)) ■^"'-^ that Uo{x) is a (Cq)— semigroup of contractions 
(respectively of isometrics) on ^^for all x G Xq. Moreover let T^. be the infinitesimal 
generator of the semigroup Uq{x) for any x G Xq. Assume DiT^^), as defined in 
Notations \3.1.1\ to be dense in €x^, that {v{x) | t> G is dense in ^xfor all x E Xq 
and 3Ao > (respectively 3Ao > 0, Ai < 0) such that the range 1Z(\q — T^.^) is dense 
in ^x^, (respectively the ranges 7l{Xo — Tx^) and 7l{Xi — Tx^) are dense in ^x^)- Set 

%{x) = Graph{Tx), x G Xq 
$ = {0 G r--(7rE®) I (Va; G Xo)(0(x) G %{x))} 
(4.3.39) \£ = {ve T{n) | (3 G $)(t;(xoo) = M^oo))} 

^ iUxexM^)} I V e S} 

where (((£(E®), r(E®, ,71^3), X, n®) is the bundle direct sum of the family l"^, 23}. 
Set 

(respectively U G Y\x£x'^is{i^sS^x))) such that U(x) is the the Cq— semigroup of 
contractions (respectively of isometrics) on (Bx whose infinitesimal generator is Tx for 
allx G X. The definitions of Tx^ andU{xoo) are well-posed by Theorem \3.1.16\ Finally 
let T be defined as in Notations \3.1.1\ with Tq and $ given in (I4.3.39I ). Recall that by 
Theorem \3.1.16\ 

{(T, Xoo, $)} GGrap/i (QJ, 2J) . 

Theorem 4.3.21 (MAIN2). Let X be compact and 2J = (((£, r) , tt, X, || ■ ||) be a 
Banach bundle. Let Xoo G X andUo G H^^j^^ C (M®, ^^((Si:)) be such that Uo{x) is 
a (Co)— semigroup of contractions (respectively of isometrics) on (Bxfor all x E Xq = 
X — {^oo}. Moreover let Tx be the infinitesimal generator of the semigroup UqI^x) 
for any x G Xq. Assume that {v{x) \ v E S} is dense in tEx for all x E X and 
3Ao > (respectively 3Ao > 0, Ai < 0) such that the range 7l{\o — Tx^) is dense 
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in €x^, (respectively the ranges Tl{Xo — T^^) and Tl{Xi — T^^) are dense in ^x^)- 
Let us assume the notations of Definition \4.3.2U[ moreover let 3 = ((T, 6) , X, A) and 
2n = ( (OJt, 7) , p, X, <n) be such that 

(1) SB is full and (03, SH, X, M+) /5 a (6, ^) -structure; 

(2) for allxeX 

A>0 

(3) (23, 23(M'', r(p)), X, Y) is invariant and (53, 3, M'') is u-related; 

(4) r(p)*^(0) c r(C); 

(5) U||,||^(^^,(£5.(Sx-)) ^ 971,. (respectively \Jis{CsS'^x)) C Tlx), for all x G X; 

(6) 3F G r(p) such that Fi^x 00) =U{xoo) and 

i: (Q3,2n,X,M+) /^a5^/^eLD,^({F},£); 
ii: (Vf G £^)(3 G $) 5.?. 0i(xoo) = v{xao) and (y{zn}nm C X I 

lim„gN2;„ = Xoo) w have that {U{zn){-)(t)i{zn) - F{zn){-)v{zn)}nm is a 

bounded equicontinuous sequence; 
iii: X is metrizable. 
Finally assume that 

X3x^-Txe Cld{(Bx), 

satisfies the property of separation of the spectrum, moreover that there exists a closed 
curve r of which in Definition \4.2.2\ for the position T{x) = —Tx for all x G X, and 
such that 

^ Re{T) C 
-1 ^ Re{T). 
Then 

(2) If D = {{^,r) ,1], X, £,) is full and (03, D, X, {pt}) is an invariant 
{Q,S) —structure such that Pr {(Ex) C '18 x for all x then 

(4.3.40) VeT'^^ir]), 

and 



(4.3.41) {(r,xoo,$)} G A(03,D,e,f) 



moreover V satisfies (|2.3.3|) . 
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Here (5J, Q3(M^ r(p)), X, M+) is the (9, ^, z/) - structure underlying (5J, 2n, X, M+). 
While for all x & X we set 



with R{—Tx; ■) : P{—Tx) 3 C, ^ {—T^ — C)^^ ^ resolvent map of—T^ and 

P{—Tx) is its resolvent set, while the integration is with respect to the norm topology on 

Proof. By the Dupre' Thm., see for example UKurj Cor. 2.10], and the fact that 
a metrizable space is completely regular, we deduce by hyp. [Q.iii) that 5J is full. So 
by Prop. 13.1.151 and the density assumption follows that Dom(Tx^) is dense in C^.^. 
Thus we can use the notations in Def. 14.3.201 and by Theorem 13.1.161 we have that 
U E T^°° (p), where V({x) is the Cq— semigroup generated by T^., for all x E X. Thus by 
Propo sition 14.3.191 and that F{xoo) = U{xoo) (by hyp. (6)) we have 

(4.3.42) WGr:-(7rM0 
Moreover 22J being full implies Tlx C so for all a; G X 

(4.3.43) Ce.(M+,£5.(Sx)) CM^. 

Therefore statement (1) follows by Remark |4.3. 1 81 applied to the (6,£^, u) — structure 
underlying (03, SB, X, IR+), by hyp. {Q.i) and by the fact that F E T{'k^.) indeed 
r(p) = r(7rM'') modulo the canonical isomorphism, see Rmk. I1.2.6[ Statement (2) 
follows by (14.3.421) . (I4.3.25L and U = Wt for the position T{x) = -T,. for all x E 
X. □ 

Remark 4.3.22. By (12.2.61) follows that (14.3.401) is equivalent toi3H E T{'r])){\/v E S) 

(4.3.44) lim II {V{z) - H{z)) v{z) \\ = 0. 

Proposition 4.3.23. Let E be a Banach space and S C Bounded{E) such that 

\Jb€S ^ ^^^^^ ^- f^f • (11^^) ^ 9 ^ f{s)g{s) ds for all f E 2oo{^^)- 
Then 

(4.3.45) £,{R-^,B{E))C fj , Cs{E), i^j). 

/e£oo(K+) 
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In particular 

(4.3.46) £i(M+,fi(^)) C f|£i(M+,/:5(E),r/A))f|^i(^^>'^5(^),^^) 

A>0 

Proof. By [IINTI Cor.l, Ar4, §6, Ch. 4] we deduce that £oo(M+) • B{E)) C 

B{E)), hence for all / G /:oo(M+). 

£i(M+,E(E))c£i(M+,5(£;),^^). 

Moreover by the fact that the norm topology on B(E) is stronger than the let on Cs{E) 
we have for all e Radon{M.'^) that 

£i(M+,5(i?),/i)C£i(M+,/:5(E),/i). 

Hence (14.3.451) follows. Finally (14.3.461) follows by (14.3.451) . □ 

Remark 4.3.24. Le? 2J = (((£, r) , tt, X, || ■ ||) be a Banach bundle and C 
Bounded{(Bx) such that Ub^gs^: ^^^^^ ^xfar all x E X. Set 

(4.3.47) = £i(R+, 5(€,.)) nC (M+,£5.(e.)) . 
Thus 

(4.3.48) U||.||,(,^,(i?(e,.))cM.. 

Therefore by (14.3.461) T/zm. I4.3.2il we can replace hyp. (2) wzY/z (14.3.471) . while 
by (14.3.481) we can replace " Uq G YlxeXo^ ' ^^i^x)) be such that Uq{x) is a 
{Cq)— semigroup of contractions" with "Uq G Y\,^^-^^^C {W^ , B{<^x)) be suchthatlAQ^x) 
is a II ■ \\— continuous semigroup of contractions" and delete hyp. (4). Similar replace- 
ment can be performed in Thm. \3.1.16\ Finally notice that in general (14.3.481 ) do not 
hold if we replace \]\\.\\j^^^^^{B[<Ex)) with \] \\.\\g^^^^{Cs^{^x)), so we cannot take the 
choice (14.3.471) if we want to have results about Cq— semigroups. 
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CHAPTER 5 



Constructions 



5.1. Kurtz Bundle Construction 

In this section we shall construct construct a special bundle € of Banach space such that 
for it the Main Theorem 13.1.161 reduces to the UKurj Th. 2.1.] showing in this way that 
(a particular case) of the construction of Kurtz falls into the general setting of bundle of 
spaces. 

Notations 5.1.1. In this section we shall use the notations o/ HKurll with the additional 
specification of denoting with || ■ ||„ the norm in the Banach space Ln- Moreover we 
denote by X the Alexandrov (one-point) compactification of the locally compact space 
N with the discrete topology. Here we recall some definitions given in UKurj (L, || ■ ||) 
is a Banach space and {{Ln, \\ ■ \\n)}neN is a sequence of Banach spaces, moreover 
{Pn G B{L, Ln) }nGN IS fl sequence of bounded linear operators such that Wf E L 

(5.1.1) lim \\Pnf\\n=\\f\\. 

n— >oo 

Given an element f E L and a sequence {fn}nen such that fn G Lnfor all n E 'N we 
set 

(5.1.2) lim fn = f'M lim - P„/||„ = 0. 

n— +00 n— »oo 

In addition to the requirements of UKurl we assume also that 



(5.1.3) i\/neN)iPn{L) = Ln) 

We shall set here L^o = || ■ || = || ■ ||oo, where \\ ■ \\ is the norm on L. Finally for all 
Z we recall that Bs{Z) is the locally convex space of all linear bounded operators on Z 
with the strong operator topology. 

Lemma 5.1.2. Let f,g E L and {/n}neN such that fn G Lnfor all n E N. Then 
(lim^^oo fn = f) A (lim„^oo fn = g) ^ f = 9 
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Proof. Let (lim. 



-n- 



■oo 



/„ = /) and (lim. 



-71 



■OO 



/„ = g) thus 



lim ||P„(/ -g)\\< lim \\PJ - + lim \\Pr,g - /, 

nSN neN nGN 



n 







so the statement follows by (I5.1.1I ). 



□ 



Definition 5.1.3. Set 




where E Ylxex ^^'^^ ^^^^ {n) = Pnf for all n eN and (7-^(oo) = /. 

Definition 5.1.4. By (15.1.11) the sequence {||-P„/||n}n6N is bounded for all f E L so 
cr^ E rixex Moreover by (15.1.11) £{L) satisfies FM{4:), finally by the request (|5.1.3I) 
it satisfies also FM{3). Therefore we can define the Kurtz bundle the following bundle 



generated by the couple (L, £{L)), see in Def. \1.2.5\ 

Remark 5.1.5. By Remark \1.2.6\ and the compacteness ofX by construction, we have 



Finally by applying the principle of uniform boundedness, UKati Th. 1.29, No?), Ch.3], 
we deduce that the sequence {\\Pn\\B{L,Ln)}nm is bounded. 

Definition 5.1.6. Fix Uo E Yl^^^C(M.'^,Bs{L„)) such that Uq{x) is a 
{Cq)— semigroup of isometrics on Ln for all nGN. Denote by Tn the infinitesi- 
mal generator of the semigroup Uo{n) for any nGN. Let us take the positions 
(13.1.181) . where (((S(E®), r(E®, ,7rEe,X, n®) is the bundle direct sum of the family 
{2J(L, Q3(L, S{L))}. In addition we maintain the Notations \3.1.1\ where 2J has 

to be considered the Kurtz bundle and x^o =f oo, thus T E H^gx Graph^L^ x L.j.) so 
that T \ X — {oo} = Tq and 



QJ(L,^(L)) 



that 



(5.1.4) 



£{L) ~ r(7rL). 



r(oo) = {(/)(oo) I (/) G $}, 
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andD{T^) = Pr^(r(cx))) = {</)i(oo) | G $}. Finally S = {S^j^^x where (V£ G 
e)(Va; e X) 

rD(5,^) = ^n(n.ex5x.) 
(5.1.5) < S| = I G D(5,^)}} 

[5, = {S||5G0}. 

Proposition 5.1.7. Letje Hxex -^^ ^^"■^ 

lim 7(n)^7(oo)^7Gr-(7rL). 

n— >oo 

Proof. By (15.1.41) and implication (3) ^ (1) of Corollary [TTTO] we have that 
lim„^oo f{n) = /(oo) implies that 

/ is continuous at oo, 

indeed a^''°°^ G r(7rL) modulo isomorphism. By the upper semicontinuity of || ■ || : 
(B M+, due to the construction of the bundle QJ(L,£(L)) and to PKurl 1.6. (m)], 
and by the fact that the composition of any u.s.c. map with any continuous one at a 
point is an u.s.c. map in the same point, we deduce that || ■ || o / is u.s.c. at oo. Thus 
suPxGX < oo. indeed we applied to the u.s.c. map || ■ || o / the fact that X is 

compact (so quasi compact), — 1| ■ || o / is l.s.c, the HGTi Th. 3, §6.2., Ch. 4] and HGTi 
form.(2), §5.4., Ch. 4]. Therefore 

b 

7 G n 

Then / G r°°(7rL). The remaining implication follows by Corollary 11.2.101 and by the 
fact that QJ(L, £{L)) is full, X being locally compact and by the fact that any Banach 
bundle over a locally compact space is full, see nFD[ Appendix C]. □ 

Proposition 5.1.8. We have 

(ttls) = < o"! © (72 I CTj G TT La;, lim ai{n) = a{oo),i = 1,2 

-•- -•- n— >oo 



Here, we used the Convention U .2.28\ and set (ai © (7-2){x) = (Ji{x) © cr2(a;). 

Proof. By Convention 11.2.281 and Corollary 11.2.271 cri © 0-2 is continuous at 00 if 
and only if ai is continuous at 00 for alH = 1,2. Thus the statement by Proposition 
15X71 □ 
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Proposition 5.1.9. Let Uq e HneN^ (^^' ^^(-^n)) be such that Uq{x) is a 
{Cq)— semigroup of contractions on Lnfor all n G N. Moreover let us denote by T„ 
the infinitesimal generator of the semigroup lAoin) for any n G N. Thus with the posi- 
tions (13.1.181 ) where 23 is the Kurtz bundle we have 



(5.1.6) 



and 



$ = {ai © (12 I (Vz G {l,2})(a, G Y{^^^L^){1 - 2)} 

(1) lim„_oo crj(ra) = o-,(oo) 

(2) (Vn G N)(ai(n),a2(n)) G Graph{Tr,), 



(5.1.7) 



cr 



(Tl(oo) 



^1 e rixex^xll 



2-3)} 

K 

(1) lim„_oo o-i(n) = o-i(oo) 

(2) (Vn G N)((Ti(n) G Dom{Tn)) 
I (3)(3/GLoo)(lim 

n— >oo 

T„ai(?2) = /). 

Moreover 3!/ satisfying (3) m (15.1.71) anJ (Vcri G £){{ai,a2) G $), where a2 G 
riiex -^^ ■^"''^ ^^^^ ^ N)(cr2(r;,) = T„cri(n)) and cr2(oo) = /. 

Proof. The first sentence follows by Proposition [5TL81 while the second comes by 
the first one and Lemma [5.1.21 □ 

Assumptions 5.1.10. We assume 3 {/.„ g -B(L„, L)}„gN such that 

SUPrigN \\In\\B(L.a,L) < OO, 

(V/GL)(VnGN)(4oP„ = /d). 
Moreover we assume that 
(5.1.9) 

In addition we assume that {Wg G L){3 ai G H^rex -^^) ^^^^^ ^^^^ 

(1) lim^^oo (yi{n) = o-i(oo) 

(2) (Vn G N)((Ti(n) G Dom(r„)) 

(3) (3/GL„o)(lim T„ai(n) = /) 
[(4)(7 = ai(oo). 



(5.1.8) 



(5.1.10) 



lim ||P„|| < 1. 

n— >oo 
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Set 

(5.1.11) il= {F G C(M+,5,(L)) I (Vs G M+)(Vt; G L)(||F(s)t;|| = \\v\\)] . 

In the following definition we shall give the data for constructing a bundle 21J such that 

(5J(L, £{L)), 2n, X, M+) would be a (6, f ) -structure. 

Definition 5.1.11. Set P^o = loo = Id : L — > L, moreover Vf/ G 11 i'e? F{/ g 
n^gx such that\/x G X 



A^ow we can define Vx G X 

= span {Fu{x) | f/ G ii} . 

Ma; has to be considered as Hies with the topology induced by that on Cc Cs^ (Lx))- 
Moreover set 

M = span {Fu \ U e ii} . 

Theorem 5.1.12. M^, as Hies is well-defined for any x G X, moreover A4 C 
ntgx and = {F{x) \ F e M}. Finally M satisfies FM{3) - FM{4) with 
respect to M. 

Proof. By Remark [3XT2l we have that C fR+. BJL^)) c (M+, /:s,(L,;)) hence 
for the first sentence of the statement it is sufficient to show that Px o U{-) o g 
Cc (M^, Bs{L,j.)) for any U E ii. For x = oo is trivial so let n G N and /„ G L„ thus for 
all s G and all net {sa}aeD in M+ converging at s we have 



lim ||P„ o f/(s„) o /„(/„) - P„ o U{s) o /„(/„) ||„ = lim ||P„(f/(s„) - f/(s))/„/„|U = 0, 



where we used the fact that U is strongly continuous and Pn is norm continuous by 
construction. Thus the first sentence of the statement follows. Let v E £ and U E ii 

1 Cc >Cs^ {L^)) is Hausdorff for all x eX by the fact that IJ^^q B% ^ L,,, see later Prop. 15.1.151 



Fu{x)=PxoU{-)oI,, 

Px o U{-) o 4 : M+ 9 s ^ P, o U{s) o 4 G P(L,;). 
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thusV/s: e Compact (R-^) 

supsup ||P„t/(s)/„t;(n)||„, < M sup sup \\U{s) I nv{n)\\^ 

nSN sGK ngN seK 

= Msup ||/„t;(n)||oo 

< Msup sup ||f (?T.)||oo < OO. 

neN neN 

Here M — sup„gpj II infill, in the second one the hypothesis that U[s) is an isometry 
for all s G M^, in the final inequality we considered (15.1.81 ). S C Hxgx ^^'^ ^^^^ 
M < (X) by Remark [5T51 Therefore by Remark [SXIIl-M C Ulex The equality 
Ma; = {F{x) \ F e M} comes by construction, in particular M satisfies the FM(3) 
with respect to the M. Vf G £^ 

IS^ sup \\PnU{s)Inv{n)\\r, < lEK f ||P„|| sup \\U{s)I„v{n)\\r] , HGB Prop. 11, §5.6. Ch. 4] 

< lEK ||P„|| ]hK sup ||t/(s)/„w(n)|U,|IGTl Prop. 13, §5.7. Ch. 4] 

n— >oo n— >oo g^j^ 

< \\Invin)\U (15X91). (I5TTT]) 

n— >oo 

= Ih^ ||/„Pn/||oo, veSc r(7r) ~ ^(L) 

= \\f\U dSU) 

= ||t;(oo)||oo- 

Thus by considering that f/ is a map of isometrics we have 

lim sup \\PnU{s)Inv{n)\\„ < sup ||Poof^(s)/oo^^(oo) ||oo- 
Hence by JGTl Prop. 3, §7.1. Ch. 4] and jnil (13), §5.6. Ch. 4] we deduce that 

X 3 X ^— s> sup \\PxU{s)Ixv{x)\\x is u.s.c. at oo, 

sex 

therefore it is u.s.c. on X because of it is continuous in each point in N due to the fact 
that the topology induced on N by that on X is the discrete topology. So Ai satisfies the 
FM(4) with respect to the M. □ 

Definition 5.1.13. Theorem \5.1.12\ allows us to construct a bundle of Q— space namely 
the bundle 5J(M, M.) generated by the couple (M, M), see De f\1.2.5\ 

Remark 5.1.14. By Remark \1.2.6\ and the compactness ofX we have 

(5.1.12) A^^r(7rM). 
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Hence by M.^ = {F{x) \ F e M} we have that^{M, M) is full. 

Proposition 5.1.15. We have that Usee-^B = ^-^ f^^ '^^^ ^ ^ ^ moreover 
(5J(L, £{L)), 5J(M, M),X, R+) is a (0, £) -structure. 

Proof. By assumptions (|5. 1.101) . (15.1.31) . Proposition [5X9] and Remark [3JJ2I we 
obtain that Usee ~ for all x G X. The remaining requests for the second 
sentence of the statement come by the construction of Ai and M. □ 

Corollary 5.1.16. If DiT^^) is dense in ^a;^, and 3Ao > 0, Ai < such that 
the ranges 7l{\o — T^^) and 7l{\i — T^^) are dense in ^x^), then (T, oo, $) G 
Graph (23(L, ^(L)), Q3(L, £{L))) and the following 

Too : -D(Too) 3 0i(oo) f-> 02(oo) 

is a well-defined operator which is the generator of a Cq— semigroup of isometrics on 

Proof. By Propositions 15 . 1 . 1 5] and 15.1 .T9l we have that the first part of hypotheses 
of Theorem 13 . 1 . 1 6l is satisfied so the statement by the first sentence of the statement of 
Theorem [3Tl6l □ 

Definition 5.1.17. Let us denote by Uoo the Cq— semigroup of isometrics on L^q. 
Moreover set U G Ylxex^isi^siLj.)) such thatU \ N = Uq and U (oo) =Uoo- 

Theorem 5.1.18. (3F g T{'km)){F{oo) = W(oo)) such that (V?; G ^)(3(/) G $) 
s.t. (f)i{xoo) = v{xoq) and (W{zn}nen C X \ lim„gN -Zn = Xoo) we have that 
{h({zn){-)4>i{zn) — F{zn){-)v{zn)}n£^ is a boundcd equicontinuous sequence. More- 
over we can choose F such that F = F^^. 

Proof. By Prop. 15. 1.91 and (|5. 1.121) the statement is equivalent to show that Vai G 
Ylxex^^ satisfying (1 - 2 - 3) of (15.1.71) and (V{z„}„6n C X \ limn^N Zn = oo) we 
have that 

(5.1.13) {W(z„)Oi(^„) - Fujzn){-)a'''^^\zn)}nm 

is a bounded equicontinuous sequence. Moreover by the second assumption (15.1.81) and 
(I5TT31) 

(5.1.14) {U{Zn){-)(Ti{Zn) - P^^^oo (^n) (>! (oo) 
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is a bounded equicontinuous sequence. Set a2 G H^ex ^^^^ that a2{x) = Txai{x), 
for aWx e X, thus 

(r^ G r'-(7rL), 

for all i = 1,2, indeed for i = 1 follows by (1) of (15.1.71) and Prop. I5.1.7[ while for 
i = 2 follows by construction of of Too, the second sentence of Prop. 15.1.91 the fact that 
by construction $ C r(7rE©), see (13.1.181) . and finally by Corollary 11.2.271 Therefore 
in particular cxj is continuous at oo. Thus by considering that cr'^*(°°) g r(7rL) modulo 
isomorphism by (15.1.41) . that 97(L, S{L)) is full being a Banach bundle over a locally 
compact space, we deduce by Prop. 11.2.81 

lim \\ai{zr,) - a^^^'^\7r o (Ti(2;„))|Uoa,(.„) = 0. 

Then by considering that n o ai = Id because of ai is a selection, we have 

(5.1.15) lim||a,(^„)-P,„a,(oo)|U„ = 0. 

neN 

The statement now follows by (15.1.151) . (15.1.141) and by using the same argumentation 
used in proof of fiKurl Th. 1.2] for proving a similar result. □ 

Proposition 5.1.19. With the notations ofDef. \3.1.8\ we have that 

M, c f|£i(M+,£5.(^x);/iA), 

A>0 

and (13.1.141 ) holds. 

Proof. By Proposition [33]2l □ 

Theorem 5.1.20. (23(L,£:(L)),Q3(M, A<),X,]R+) has the full Laplace duality prop- 
erty, moreover WU G Uij|.|| VA > andWf E Lwe have that 

Here Tu is the infinitesimal generator of the semigroup U. 

Proof. 'La f e L and [/ g il thus for all x G X and A > we have 

/ e~^'P,U{s)iy{x)ds= / e-^-'P,U{s)fds 
Jo Jo 

POO 

(5.1.16) =PJ e-^'U{s)fds, 







where the first equality follows by the second assumption l5.1.8l while the second one by 
the linearity and continuity of P^ and by HINTj Prop.l, Nol, §1, Ch. 6]. Thus the first 
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sentence of the statement by (15.1.41) and (|5. 1.121) . The second sentence of the statement 
folUows by the (15. 1.161) and by Hille-Yosida Theorem, see IfKuH Th. 1.2.]. □ 

Corollary 5.1.21. Let us assume the hypotheses of Corollary 15. i. Ml Then (ig G 

L){yK e Compact{R+)) 

(5.1.17) \imsup\\{U{z){s)oP,-P,oUoo{s))g\\=0. 
Moreover 

(5.1.18) UeT^ip). 
In particular 

(5.1.19) {(T,oo,$)} G Ae(5J(L,f),5J(M,A^),^,X,M+). 

Proof. By Proposition 15. 1 . 191 follows (13.1.141 ). hypothesis (i) of Theorem 13. 1.1 61 
follows by Theorem |5.1.20[ (ii) by Theorem (15.1.181 ). finally (Hi) follows by flGTl 
CoroU. of Prop. 16, §2.9, Ch. 9] and by the fact that {{n} | n G N} is a base 
for the topology on N. Thus by Theorem 13.1.161 we obtain (I5.1.18|) . (15.1.191) and 

(yv G S){yK G Compact{R+)) 

(5.1.20) lim sup \\U{z){s)v{z) - F{z){s)v{z)\\ = 0, 

where F is any map of which in Theorem 15. 1.18[ Now by Theorem 15 . 1 . 1 8 1 we can take 
in the previous equation F = Fu^, moreover by (|5.1.7I) and assumption (|5. 1.101) we 
have 

g = {a^\ge L}, 
therefore by (15X81) Vs G M+, Vz G X and \/g e L 

Fu^{z)a\z) = {P,oU^{s))g. 

Hence by (15.1.201) follows (15.1.171) . □ 
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